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Dart with Thin Rod Collision
Conservation of Angular Momentum Demonstration and Problem

®

Example: As shown, a 5.3 g dart is moving vertically at 16.5 m/s just before it collides with and sticks to a
33.9 cm long, thin piece of cardboard. If the dart hits the 71.8 g piece of cardboard 28.7 cm from its fixed
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end, to what maximum angle does the cardboard rise?
Rl

Knowns: m, =0.0083kg; v, = 16.52; m_=0.0718kg; x = O.287m;LC =0.339m; 0, =7
s

I mlf=1 = %(0.0718)(0.339)2 = 0.0027504kg » m®
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We have already determined that, about the axis of rotation of the rigid object with shape, angular
momentum is conserved in a situation where a point particle collides with a rigid object with shape.
https://www.flippingphysics.com/collision-angular-momentum-conservation.html

However, the collision is just part 1 of the problem, part 2 of the problem is conservation of mechanical
energy as the cardboard and dart rise together. We know mechanical energy is conserved while the
cardboard rotates because there is no energy added to or removed from the system via work done by a
force of friction or force applied.
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Z Tdart and cardboard
AoR @ fixed end of cardboard

e We currently have two equations for angular momenta of objects:

point partilce = rmysin 0 & LRigid Object = ICO
with Shape

e For the dart before the collision, we use the equation for the angular momentum of a point
particle: ~dl =r,myv,,siné,,

o We are treating the dart as a point particle, so you will see me refer to it as both a “dart”

and a “point particle”, depending on the situation.
e Before the collision the cardboard is not moving, so it does not have any angular momentum.
e For the dart after the collision, we have shown that we can use either of those two equations for
the angular momentum of the point particle because it is moving in a circle. Let’s use:

L I, .o

air ~ farrParr
https://www.flippingphysics.com/point-particle-kinetic-energy-and-angular-momentum-equations.html
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e For the cardboard after the collision, we have to use the equation for the angular momentum of a

o . =1l w
rigid object with shape: ~ ¢1f "¢ clf

=r,myv, sing, = Idlfwdlf * Ica)clf

e We have already shown that, while ri¢ and 6i4 change as the dart moves, x, which equals

. X .
sm@dl‘:—:—:nr:r .sin@ .
1 H dli dli

r,.sinf . r,.
dli dli does not change: dli
https://www.flippingphysics.com/angular-momentum-triangle.html
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e The equation for rotational inertia of a point particle is:

_ 2
= devdli - mdrdlf wdl[ + Ica)clf

Fpye=%X

“y"

e The dart stays the distance “x” from the axis of rotation after it sticks to the cardboard:
¢ Both the dart and the cardboard are rotating together after the collision and the final angular

. . . a)d[=a) [=a)[=a)z.
velocity of part 1 is the same as the initial angular velocity for part 2: ! cl ! !

Xxmyv

= Xmyv,,; = mdxzwlf + Icwu = (mdxz + Ic)wu =0, = ﬁ =,
o - (0.287)(0.0(253)(16.5) 7 a7s1gTed _ o
(0.0053)(0.287) +0.0027504 s
M'Ezi = M'Ez{

¢ And now for part 2 we use conservation of mechanical energy:
o The initial point is right after the dart collides with the cardboard and before the cardboard
starts to rise. The final point is at the maximum angle the cardboard rises to. Lets set the
horiztonal zero line at the initial height of the dart and cardboard.
e There are no springs, so no elastic potential energy in the problem.
o Initially the dart and cardboard are at the horizontal zero line, so they do not have any
gravitational potential energy initial.
e The only type of initial mechanical energy is kinetic energy and because the system is rotating, it
is the combined rotational kinetic energy initial of both the dart and the cardboard.
At the final point, the dart and cardboard are not moving, so they have no final kinetic energy.
At the final point, the dart and cardboard are above the zero line, so they have final gravitational
potential energy.
1

==I o =mgh,  +mgh

2 system 21 daf c2f

S i =1, +I =myr, *+1 =m x*+I
e The rotational inertia of the system is: ~stem  "d = "¢ d-dz c d c

r
o The distance from the dart to the axis of rotation is still x; ~92f

= %(mdxz +Ic)a)2i2 =m,gh_,

+m_gh

c2f
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¢ Notice the only two variables we do not know in this equation are the two height finals.

o In order to reduce this equation to one unknown, we need to draw triangles and use
trigonometry to find relationships between the angle, 6, between the cardboard and the
horizontal, and both height finals.

o The height for part 2 final of the cardboard is to the center mass of the cardboard. We will
consider the cardboard to be of uniform density, so the center of mass is in the middle of
the cardboard.
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=sinf., = ;(deZ +Ic)wzjz =0,, =sin" l(mdxz " IC)wZiZ
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1

(;)[(0.0053)(0.287)2 " 0.0027504}(7.87517)2

=0, =sin” =48.101°~[48°

(0.0053)(9.81)(0.287)+(O.0718)(9.81){0'3239j

This is our predicted final angle of the cardboard.

Measured 92 ;= 46°

Percent Difference = ( 48.101-46 100 =4.46603 ~ 4.5%

48.101+ 46)/
2
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Alternative solution with not solving for the initial angular velocity for part 2:
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