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Parallel-Axis Theorem Derivation
http://www.flippingphysics.com/parallel-axis-Theorem.html
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The Parallel-Axis Theorem is a convenient way to

determine the moment of inertia or rotational inertia of a

rigid body about an axis which is parallel to an axis which

runs through the center of mass of the object. The Parallel- y
Axis Theorem states that the rotational inertia about any A
axis parallel to and a distance D away from the axis which Rigid X dm
passes through the center of mass of the object equals the lgl
rotational inertia about the center of mass of the object BOdY T

plus capital M, the total mass of the object, multiplied by

the square of capital D, which is defined as the linear Y r. .
distance between the two parallel axes:

I = Iy +MD? l

In order to prove the parallel-axis theorem, let’s begin with
a rigid object with shape and let’s determine its rotational
inertia around an axis which is perpendicular to the page
and passes through point P, a point which is not at its
center of mass. Place the origin of our coordinate system
at the center of mass (CM) of the object. Identify an
infinitesimally small piece of the object dm which is located
at (x,y). Point P is located at (Xp,yp).

The rotational inertia of the rigid object about its center of mass and about the axis which passes through
point P are:

ICM:ferm:Ip:fazdm

Where r is defined as the distance from the origin (and the center of mass) to dm, and a is defined as the
distance from dm to point P and a has components in the x and y direction such that, according to the
Pythagorean Theorem:

2 2
a’=(a,) +(ay)
And the distances for P and dm from the origin are related as such:
Xp=X+ay=>ax=Xp—-X&y=yp+ta,=>ay,=y-yp
Therefore, we can get a new value for a? substitute that back into the rotational inertia equation:
2 2 2 2
= a? = (tp=x)° + - yp) = Ip = [|xe =207+ (/- yp)’ | am
And we can do some algebra:
=Ip= f[(xp2 — 2XpX +x2) + (y2 - 2ypy+y,2,)] dm

=Ip= f[(xpz +yP2) —2XpX = 2ypy + (x2 +y2)] dm

:Ip:f(xpz+ypz) dm—fodem—IZypydm+f(x2+y2) dm

It is important to realize, because dm is in a variable location, however, the center of mass and point P
are in fixed locations, that x, and y, are constants, however, x and y are variables. Therefore:

=>Ip:(xP2+y,,2)fdm—2xpfxdm—2ypfydm+f(x2+y2) dm

And recall that the x and y centers of mass of our object are located at the origin, therefore both the x and
y centers of mass of the object are zero:
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fxdm:Q&yCM: fydm:G

Xy =
Mtotal

Mtotal
Therefore, we can also conclude that:

fxdm:fydm:@:Ip:(xP2+yP2)fdm+f(x2+y2)dm

Looking at just the first term:
(2 +y2) [[am=0? [am=D2M=mp2

where D? = x2 + y2? & Mis the total mass of the object

And just the second term:

f(x2 +y?) dm = frzdmz Icywhere r2 =x2 +y?2
Therefore, substituting back into the equation for moment of inertia:
= IP :MD2 +ICM = Ip = ICM+MD2

We have derived the Parallel-Axis Theorem!
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