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Let's say we have a rigid object with shape, or a rigid body, rotating
about a fixed axis. We are going to derive the angular momentum
of this rigid body. Each particle of the rigid body rotates in the xy
plane of the screen with the same angular speed w. The magnitude
of the angular momentum of a single particle of the rigid object
about the vertical z axis which has mass mi that is ri from the axis of
rotation and is moving with a linear velocity vi is:

L=rmvsin® = L; =r;m;v;sin(90°) =r;m;v;

Because:
Vei=r=V; =rjw; =L; =r;m; (r;w;) = miriwi

The direction of this angular momentum is the same direction as the angular velocity of the particle which,
according to the right-hand rule is out of the screen or the positive z direction.

Now we can find the angular momentum of the entire rigid body by taking the sum of the angular
momenta over all the particles in the object:

Ly=YLi=Ymir2w; =|Y;mir}|w =L, =Iw where I =Y m;r?
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We have just derived that the angular momentum of a rigid object around its axis of rotation equals the
rotational inertia of the object about its axis of rotation times its angular velocity.

dL,

We can take the derivative of this equation with respect to time: dt

(I y=1 dw - Ia

We also know the rotational form of Newton’s Second Law in terms of angular momentum:

dL,
Z Texternal = a9t = Z Texternal = 1@

And we have derived the rotational form of Newton’s Second Law for a rigid body.
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