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Flipping Physics Lecture Notes:
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@f\\F Electric Charges and Electric Fields

Review for AP Physics C: Electricity and Magnetism

http://www_.flippingphysics.com/apcem-electric-charges-electric-fields.html
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Let’s begin with Electric Charge:

- Electric charge is a fundamental property of all matter.
Charge carriers are protons and electrons, where protons have a positive charge and electrons have a
negative charge. Both protons and electrons have the same magnitude charge called the fundamental charge:

o €=160x10"'°C (The absolute value of the charge on a proton and electron.)
o C stands for coulombs, the unit of charge. Note: Coulombs are not a base Sl unit.
o Charge is a scalar quantity.
- Charge is quantized. It comes in discrete quantities in intervals of the fundamental charge.
Q = ne
= Q = net charge on the object
* n = integer number of excess positive or negative charges on the object
e nis positive for excess protons & n is negative for excess electrons
o In other words, an object will never have a charge of +2.1 x 10'° C because that is not an
integer multiple of 1.60 x 107'° C.
- The electric charge on an object is determined by the total number of charge carriers contained in
the object.
o The electric charge on an object with 4 protons and 6 neutrons is -3.62 x 10'° C.

o Oobjeot = Oprotons + Qelectrons = (+4)(€) + (=6)(€) = (-2)(e)
= Qobject = (-2) (1.60 x 1071°) = -3.20 x 10729C
- Many objects we work with will be considered to be point charges (even if they are made up of
many charge carriers)

o A point charge is a model of a charge where the physical size of the charge (or charged
system) is small enough to be considered to be negligible.

o

The Law of Charges states that:
- two charges with opposite signs attract one another
- two charges with the same sign repel one another

Coulomb’s Law determines the electrostatic force between two charged objects:
F, _k(Ch)(CIz) |F | |Q1Q2| |,—_.>e|: 1 CI1CI2| & ke L
r2 4rnigg )| r2 4ney
o Feis the electrostatic force on each charged particle.
o kis the Coulomb constant and it equals 8.99 x 10°N « m / C2.
o &ois the permittivity of free space or vacuum permittivity; it equals 8.85 x 1072 C2/ N « m.
= We will better define permittivity when we get to capacitors and dielectrics.

o g1 and gz are the charges on the two interacting charged particles.
o ris the distance between the centers of charge of the two charges

F, - k(Ql)(QZ) .

o r is the vector version.
= If the two charges have the same sign, the force is positive and repulsive.
= If the two charges have opposite signs, the force is negative and attractive.
21_.19192
|Fe| =K _2| . . - -

o r is the scalar version and has no direction.

o According to AP Physics C: Electricity and Magnetism guidelines, you will only be
expected to calculate electric forces between four or fewer charged objects or systems.
However, you may be required to analyze more than four charged objects in situations
which have high symmetry.
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The reality is that electrostatic forces, which can be determined using Coulomb’s Law, cause many of the
forces which we work with on a macroscopic level. For example, force normal, forces of static and kinetic
friction, and the force of tension. There are just too many microscopic electrostatic forces to reasonably
calculate, and we model the net force caused by all of these microscopic electrostatic forces as these
macroscopic forces.

Note that Coulomb’s Law is similar to Newton’s Universal Law of Gravitation:
- - Gmlmz
< Lo, el = K[ . Rl ==
- Coulomb’s Law: r and the Universal Law of Gravitation: r
- ris distance between centers of charge in the case of Coulomb’s law, or distance between
centers of mass in the case of the Universal Law of Gravitation.
- Electrostatic forces can be attractive or repulsive, however, gravitational forces can only be
attractive.
- Notice the difference between the constants in the equations:
N-m _11N -m?
= 9 = -
k=899 x10 . G =6.67x10 P
The Coulomb constant is much larger than the universal gravitational constant
o When two objects have both mass and electric charge, most often the electric force is so
much larger than the gravitational force that the gravitational force is negligible.
= However, when we are considering large scales like people, planes, pineapples,
planets, and Prii', gravitational forces are large enough to make electric forces
negligible because large scale objects are usually nearly electrically neutral. In
other words, their total number of protons and electrons are nearly equal.

@)

The Law of Conservation of Charge:

- The net charge of an isolated system does not change.

o Typically, electrons are the charges which move in a system and if there is no way for
electrons to leave or enter the system (an isolated system), then the net charge of the
system will not change.

- Charging by friction involves rubbing one object on another object (fur on a balloon, for example).
When this happens, electrons move from the fur to the balloon.

o The balloon gains negative electrons and the net charge on the balloon decreases.

o The fur loses electrons and the net charge on the fur increases.

o The net charge on the balloon-fur system remains the same because the total number of
protons and electrons in the system remains the same.

- Bringing two objects close to one another will cause electrostatic forces between charges and
change the distribution of the electrons in the objects. This can polarize the objects, however, the
net charge on each object will remain the same if electrons are not allowed to flow between the
objects.

- When a charged object is brought close to a neutral object, charge-induced separation of charges
within the neutral object can occur.

- The only way to change the charge of a system is to add or remove charged particles from the
system. In the matter most familiar to us, the electrons are the charged particles that can be
added or removed from the system to change its charge. In this case the system is not isolated,
and charge is not conserved.

- A*“ground” has, relatively speaking, an infinite number of electrons which we can pull from it, or
we can give to it. We can “ground” a system by electrically connecting it to the Earth which is a
“ground” or a neutrally charged, infinite well of electrons. When we ground a system, the system
is not isolated, and charge is not conserved.

L https://pressroom.toyota.com/toyota-announces-the-plural-of-prius/
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Electric Fields:

- If we were to place a positive test charge in an electric field, it would experience an electrostatic
force. An electric field is the ratio of the electrostatic force the test charge would experience and
the charge of the test charge.

o A positive test charge is a charge which is small enough not to measurably change the
electric field it is placed in. Electric field directions are defined according to the direction
of the net electrostatic force on a positively chaiged test charge.

- Fg N

- The equation for an electric field and its units are: q C
- Notice the electric field and the electrostatic force experienced by a positive charge in the electric
field will be in the same direction. (Both electric field and electrostatic force are vectors in the

equation.) a0
- F — ko
E= Fe = Epoint charge = FT = ﬁ

- That means the electric field which surrounds a point charge is:
- And the electric field maps for isolated point charges look like this:

Y
[
A

A
+
Y

- Notice the similarity to the gravitational field around a planet. The equation has a similar format,

GmM
Fg re
o ] o 9 = — = Opoint mass = =
so the gravitational field has a similar format: m m r
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- And the electric field which exists between two large, parallel, oppositely charged plates is similar
to the gravitational field close to the surface of a planet:

Ffri i i i i i i i i i iv7]

- Remember electric field is a vector which means that the electric field for two point charges which
are near one another is the sum of the two individual electric fields for each point charge.

- Electric field maps like the one above are simplified models and vector maps which show the
magnitude and direction of the electric field for the entire region.
- Electric Field Lines Basics:
o Inthe direction a small, positive, test charge would experience an electrostatic force
o Electric field lines per unit area is proportional to electric field strength
= Higher density electric field lines = higher electric field strength
o Start on a positive charge and end on a negative charge
= orinfinitely far away if more of one charge than another
o Always start perpendicular to the surface of the charge
o Electric field lines never cross

Conductors vs. Insulators:

- Conductors allow electrons to move rather easily. This is because conductors have electrons

which are loosely bound to their atoms which allows electrons to flow.
o Examples: aluminum, stainless-steel, and gold.

- Insulators resist the motion of electrons. Insulators have electrons which are tightly bound to their
atoms which does not allow electrons to flow.

o Examples: plastic, rubber, glass, and paper.

- Semiconductors are materials which are somewhere in between conductors and insulators.
Electrons have some resistance to flow, and the precise resistance to flow is controlled by the
composition of the materials.

o Examples: silicon, germanium, and gallium arsenide.
o Example uses: diodes, transistors, amplifiers, solar cells, and light emitting diodes (LEDs)
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Continuous Charge Distribution: A charge that is not a point charge. In other words, a charge which has
shape and continuous charge distributed throughout the object.

In order to find the electric field which exists around a continuous charge distribution, we can use
Coulomb’s Law and the equation definition of an electric field. We consider the charged object to be
made up of an infinite number of infinitesimally small point charges dq and add up the infinite number of

electric fields via superposition. It's an integral.
(q)(O)

2 _ @), Fe . _ ko,
e =k 1["2 ‘ r & E - E = Epomtcharge q - ﬁr
z_ k{dq) 2_ [k{dg) dq .
= dE = rzq Fr= de = f rzq r= Econtlnuous charge distribution — kf J

Realize that, for AP Physics C: Electricity and Magnetism, students are only expected to be able to use
this equation to determine electric fields around continuous charge distributions with high symmetry. The
specific examples students are responsible for are:

- Aninfinitely long, uniformly charged wire or cylinder at a distance from its central axis

- Athin ring of charge at a location along the axis of the ring

- A semicircular arc or part of a semicircular arc at its center

- Afinite wire or line of charges at a distance that is collinear with the line of charge or at a location

along its perpendicular bisector.

Quick review of charge densities:

C C
in p & surface charge density, 6 = ,% in —

linear charge density, A = Q =

L

C
& volumetric charge density, |n —

P=v

Let's do an example. Let’'s determine the electric field at point P, which is located a distance “a” to the left
of a thin rod with a charge +Q, uniform charge density A, and length L.

Notice that, if we were to place a positive point charge at point P, it would experience a force to the left
from every dq or every infinitesimally small part of the wire. Therefore, we already know the direction of
the electric field at point P, it will be to the left or in the negative “i" direction. Now let’s solve for the
electric field:

dg _0_dqg _ _
E- kf SE= kf ) & A =5, = dg=2dx & Q=AL

5 . A . ratl (1 . pra+l
SE=-ki [A2X - ki f S)ax=-kAi [ (x?)ax
X2 a X2 a

0468 Lecture Notes - Continuous Charge Distributions - Review for AP Physics C E&M.docx page 1 of 4



a+L

-1
= E=—-kAl [X—]
a

a+L
:kﬁ[%] P 1]:@&[—‘3'(‘3“)]
a

-1 a+L a a@+L)
:E_k)\l[a(a+L)]__a(a+L)1:> T Ta@+l)
k0,

if a>>L then a+L=a & E———2
a
In other words, if we get far enough from the charged rod, it acts like a point charge. ©

And, because they are so fun, another example! Let’'s determine the electric field caused by a uniformly
charged ring of charge +Q, with radius a, at point P which is located on the axis of the ring a distance x
from the center of the ring.

Side view, cross section: Front view:
&

—
18]
B
,
,
,
,
,

Knowns: a, x, Q

E:kquA dF = k q Fok(99 )
e az+x?

However, all dE’s in the vertlcal plane cancel out because there is an equal but opposite component of dE
caused by the dq on the opposite side of the ring. In the figure that is dEy.

— — dq A = k
dE, = dEcos 6 :k(m)lcose=>Ep:f(a2+lecose)dq

& cosp=A-X__X ¢ —f( a )( X )id
THOr Vazaxe 0 J\a2+x2)\Vaz1 2 q

1 5 Ny ;
Note: (87 +X2) (@ +x2)? = (a2 +x?)? (a2 +x2)? = (a2 + x?)?
:Epsz—x3idq:k—3 qu::»Ep_kL3i
(a2 +x2)? (a2 +x2)7 (a2 + x2)?
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Note:

if x>>a then a2 +x2~x? & Ep = k0X3 iz(@)i :Epz(ﬂ)i
2 X3 XZ
()*
That's right, if you get far enough from the uniformly charged ring, it acts like a point particle!
If that sounds familiar, that is because this is true for all continuous charge distributions. If you get far
enough away from them, that their own size is small by comparison to the distance, they all have electric
fields which are similar to point particles.

if x<<a then a2 +x%2=~a? & Ep=

Note: (az) ?

And if we use a negative charge, then the force is to the left or towards the center of the ring:

YF =—Fe=max=>‘qE=_q(?)zmaxzaxz_(miﬁ)x

3
d?x kqQ d*x 2, > W= @:Z—H:T:ZH ma~
o A ka0

X(t)=Acos(Wt +¢) = Xmax = A

l:>Epz

kOx |~ = (kOx)A,
5 1

d
v(t) = £ = _Awsin (0t + 0) = Vo = AW

dv
a(t) = e —Aw? cos (Wt + ¢) = apay = AW?

That's right, the negative charge will move in simple harmonic motion about the center of the ring.
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A bonus graph from Carl Hansen: (Thank you Carl Hansen!)

This following graph shows the equation we derived for the electric field along the axis of a thin ring of a
uniform charge distribution, of radius a = 1m, and charge Q = +1uC. The plot shows the linear profile
needed for simple harmonic motion close to the origin, and the inverse square law far away. The
maximum electric field occurs around x = 0.7m, as a turning point to transition between the two trends.
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Electric Flux and Gauss’ Law
Review for AP Physics C: Electricity and Magnetism
http://www.flippingphysics.com/apcem-electric-flux-gauss-law.html
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Flux is defined as any effect that appears to pass or travel through a surface or substance, however,
realize that effect does not need to move. Hence, “appears to”.

Electric flux is the measure of the amount of electric field which passes through a defined area. The
equation for electric flux of a uniform electric field is:

Df = E-A=EAcos®

(D is the uppercase, Greek letter phi
E is the uniform electric field (use magnitude)
A is the area of the surface through which the uniform electric field is passing (use magnitude)
0 is the angle between the directions of E and A
o Notice this is the same form as the equation for work. This means you use the
magnitudes of E and A, and cosB determines if the electric flux is positive or negative

. W=F-A7P=FArcos® E g

e Electric flux is a scalar S
N - m? 5 ;\

e The units for electric flux are € ST \

Y

Usually, electric flux is through some sort of closed surface. So,
let's do an example and determine the net electric flux of a uniform,

Y

horizontal electric field through a right triangular box.

Y

Let’s define and label the dimensions and sides of the triangular box as:

1 (back)

o

/
/3 (side)

And now we can determine the electric flux through each side:

>
>

Electric flux for Area 1 (back): 81 is 180° because Area 1 is to the left or
out of the rectangular box and the electric field is to the right.

/ - ®, = EA1c058, = E (aw) cos (180°) = —-Eaw

A \x
> Electric flux for Area 2 (bottom): 82 is 90° because Area 2 is down or out
of the rectangular box and the electric field is to the right.

Zl > ®, = EA,€c050, = E(bw)cos (90°) =0
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Electric flux for Areas 3 and 4 (sides): 83 and 84 are both 90° because Area 3 is out of the page and Area
4 is into the page (and the electric field is to the right).

1
@3 = EA3Cc0583 = E(iba) cos(90°) =0 =D,

Electric flux for Area 5 (top): To understand why cosBs = alc, we
need to draw another diagram.
5 A a
Ccos ===
>"H

a
@5 = EA5€c0585 = E(cw) (E) = Eaw

And the total electric flux through the entire triangular box is:

Diotg =P+ P+ D3+ Dy + D5 =-Faw+0+0+0+Eaw =0

Notice that:
e When an electric field is going into a closed surface, the
electric flux is negative.
e When an electric field is coming out of a closed surface, the
electric flux is positive.

Let’'s now do another example. Let’s determine the electric flux
passing through a sphere which is concentric to and surrounds a
positive point charge.

Notice we cannot use (DE =E-A=EAcos®6

because the electric field is not uniform. We need to use the Spherical Gaussian Surface
integral equation for electric flux:

Q)E:E-Z:dCDE:E-dZ:deI)E:fE-dZ::»CDEsz-dZ

®E=fE-dZ=fEdAcos@:fEdAcos(e):fEdA=EfdA=EA

- kqQ
2 ( ) . = F 7z kO
":21:kL§qz".21&'E=_e$E+pointcharge=r_z=_2&Aspherezél'r[r.2
r q q r
kQ 1 Q
= Or = |— | (4nr?) = 4nkQ = 4n = —
g (Fz)( ) ? (41180)0 €o

In other words, the electric flux through a closed Gaussian surface is:

(DE _ § E’ ) dZ\) _ Genclosed
€0

This is Gauss’ law!
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Gauss’ law relates electric flux through a Gaussian surface to the charge enclosed by the Gaussian
surface:
e A Gaussian surface is a three-dimensional closed surface
e While the Gaussian surfaces we usually work with are imaginary, the Gaussian surface could
actually be a real, physical surface
e Typically, we choose the shapes of our Gaussian surfaces such that the electric field generated
by the enclosed charge is either perpendicular or parallel to the various sides of the Gaussian
surface. This greatly simplifies the surface integral because all the angles are multiples of 90°
and the cosine of those angles have a value of -1, 0, or 1.
e Aslong as the amount of charge enclosed in a Gaussian surface is constant, the total electric flux
through the Gaussian surface does not depend on the size of the Gaussian surface.
e Gauss’ law is the first of Maxwell’s equations which are a collection of equations which fully
describe electromagnetism.

+
8

Notice then that, if the net charge inside a closed Gaussian
surface is zero, then the net electric flux through the Gaussian
surface is zero.

0

®E=§E.d2=M=_=@
€0 30

This is why the net electric flux through the closed rectangular
box in our first example was zero.

ml
WKAA

IR EEEE EEEEEEEEE

>

VVV%';’(VY

N

AJAA

-
-

Let’s do another example using Gauss’ law. Determine the
electric field which surrounds an infinitely large, thin plane of
positive charges with uniform surface charge density, o: end

| —

l
l

il

YYYYYYYYY

t

dAend

I

/

First off, we know the electric field will be directed normal to and ————
away from the infinite plane of positive charges. This is because  Cylindrical

the plane is infinitely large; therefore, every component of the Gaussian Surface
electric field, dE, which is parallel to the plane of charges and is
caused by infinitesimally small, charged pieces of the plane, dq,
will cancel out leaving only electric field components of dE which
are perpendicular to the plane and directed away from the plane.

T
1
J

We pick a Gaussian surface such that it is a cylinder with ends
parallel to the plane of charges and a side parallel to the electric
field and use Gauss’ law. The two ends of the Gaussian cylinder
are equidistant from the charged plane.

cpE_§E d4 = dn
€o

O = f E.dAgy, + f E.dAy+ f E.-dAyy= In

side left right
end end
Jin

= O = f EdA cos Oige + f EdA cos Bgng + f EdA cosBgng = E—@

T

A A4 444

3

Qin
€o

side left right
end end

= QO = fEdA cos (90°) fEdA cos (0°) + fEdA cos (0°) = din

side left right €o

end end
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:@E:EfdA+EfdA=E(2Aend):?

left right ¢
end end
0 Jin OAend Y
&0=—-—=——=0,,=0A. gy = E(2A = =SE=—
A Aend Qin end ( end) &y 28@

Notice this electric field is uniform and is independent of the distance from the infinite plane of charges.

And notice what happens if we have two infinite parallel

. o . +o0 +o0
planes of charges, one with positive charge and one with g —  <«—— > —_—
negative charge: —a— > B ———
— > B . —
The electric field outside the planes of charges cancels —_— > T
out to give zero electric field outside the planes of ,: ' i - ;‘
charges: < . > - >
— > —————
— —_—— > o
Eoutside =0 S m— > B ———
—— > i <
. — > e
And between the two planes of charges, the electric —_——. > —
. < > ——
fields add together: —_— > | R
Y 0 > N s < N m——
Epetween = 2Eone plate = 2 = —> > B e —
2¢€, €0 ————
—
And we have begun our journey towards determining the - * > - "<
capacitance of a parallel plate capacitor... ——, > N e
—— > ) ~€
——— > >
. e . . —>— ; :
Notice that a positively charged particle moving through < * > - >
a constant electric field will experience an electrostatic -00 -00

force in the direction of the electric field. This force will

be constant and equal to gE. In other words, the motion of a charged particle through a constant electric
field will have similar characteristics to a mass moving through the constant gravitational field near the
surface of a planet. This is very similar to projectile motion.

A few loose ends:

e According to the AP Physics C: Electricity and Magnetism Guidelines, you are responsible for a
quantitative approach of Gauss’ law to solve for electric fields only for charge distributions which
are spherically, cylindrically, or planarly symmetric.

a. In other words, to keep the math from getting overly complicated, you are responsible for
solving equations with Gauss’ law only in situations which are highly symmetrical.
b. Some examples are:
i. Inside and outside of a solid sphere made of conducting or insulating material.
The Gaussian surface is a sphere.
ii. Inside and outside of a thin spherical shell. Again, the Gaussian surface is a
sphere.
ii. An infinitely long, thin line of charges. The Gaussian surface is a cylinder that is
colinear with the line of charges.
iv. An infinitely large, thin plane of charges. We just did this. The Gaussian surface
is a cylinder whose ends are parallel to the plane of charges.
v. 2 infinitely large, thin parallel planes of charges. We just did this. Do a single
plane of charges first.
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e Do not forget the three kinds of charge densities which you are responsible for being able to use
with Gauss’ law depending on whether the charge is one, two, or three dimensional.

C
linear charge density, A = g in p

a.
. Q. C
rf h d ty, 0 = — in —
N surface charge density, 0 2 in o
volumetric charge densit = Q in ¢

Lastly, realize Gauss’ law uses electric flux which is a measure of the number of imaginary electric field
lines which pass through an imaginary Gaussian surface and those imaginary field lines are caused by
highly symmetric groups of stationary point charges which are imperceptible to the naked eye. Yeah, it
takes a bit of imagination to be able to visualize all of this. Which is why you need to practice!

A loose end:

- Outside the surface of a uniformly charged sphere, the
electric field is the same as if the charged sphere were a
point particle.

o Example: Solid, uniformly charged sphere with
charge Q and radius, a.

o Create a Gaussian surface which is a concentric
sphere with radius r > a.

(DE — §E “’ qenclosed

€9
= O = f Ecos8dA = f E cos (0°) dA = —qenzlosed
sphere sphere 0
>E f dA = EAqpere = E (411r2) = eﬂ
sphere 0

1 Q kQ
E‘(m)ﬁ:f‘ﬁ

o This is true of a conductor or an insulator, however, the electric field inside a conductor
will be zero, and inside an insulator the electric field depends on the radius and charge
distribution, and can be derived in a similar manner.
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The electrostatic force is a conservative force, therefore:

du du L S

sz—&=>Fe=—d—:=>due=—Fe-dr=>dee=—fFe.dr

- 5 — F)e — - B - s
:AUe:—fFe-dr&E:F:Fe:qE:AUe:—f gE - dF

A

B_ B
:>Aue:—qf E.df=-q [ Ecosedr

A A

We have determined the change in electric potential energy experienced by a charged particle which has
moved from point A to point B in an electric field. Notice, because the electrostatic force is a conservative
force, this change in electric potential energy does not depend on the path taken from point A to point B.

To make a comparison to gravitational potential energy, if we lift an object vertically upward in a constant
downward gravitational field, it will experience a positive change in gravitational potential energy.

The same is true for a positively charged object, if we move a positively charged object vertically upward
in a constant downward electric field, it will experience a positive change in electric potential energy.

Notice the negative and the dot product in the equation. As we move a charge in a direction opposite the
direction of the field, the direction of the displacement of the charge and the direction of the field are
opposite to one another, therefore, the angle between those two directions is 180°, the cosine of 180° is
negative one, which makes the change in potential energy of a positive charge positive.

B B B
:>AUe:—qu Ecos(18@°)dr:—qu E(-1) dr:qu Edr

Next, we need to define electric potential. Just like we define the electric field in terms of the force
experienced by a small, positive test charge, we define the electric potential in terms of the energy
experienced by a small, positive test charge.
=
. F U J
E=-S=V="involts, V==
q C
e The symbol for electric potential is V. Yes, | know. The symbol for electric potential, V, is the
same as the symbol for the units for electric potential, volts, V. It's not my fault.
e Electric potential is a scalar attribute of a vector electric field which does not depend on any
electric charges which could be placed in that field.
o The fact that electric potential is a scalar can be very helpful in this class.
o This scalar can be either positive or negative for any given location.
o Just like gravitational potential energy, we need to either assign a location where it
equals zero, or follow a convention for assigning the zero potential location.
e Most often we work with electric potential difference not just electric potential. Electric potential
difference is the difference in the electric potential between two points:”

"I know. I know. ... Duh! ... But it had to be said.
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AV=Vei-Vi=Vg-Vy & V=-2

=y
A -q | E-dr B_,
= av =Bl _ J =-| E-dr
q q A
e We will often set the initial electric potential, or electric potential at point A, equal to zero.
e Realize we can rearrange every integral to form a derivative:
dV

B
AV=- [ E-dP=dv=-E-dF=E =-—
A dr

Now that we have volts, the units for electric potential, it is important to realize the units for the electric
field can be given in terms of volts as well.

z_Fe N_(N (%) - J\(L\_V_N_V
g Cc \c)/\m) \c)/\m) m T C m

If a charge is moved from point A to point B via an external force, the external force does work on the
charge, that changes the electric potential energy of the charge. And, as long as there is no change in the
kinetic energy of the charge, that work equals the charge of the charge multiplied by the electric potential

W=qAV

difference the charge went through:

A unit of energy often used for very small amounts of energies, like one would use in atomic and nuclear
physics, is the electron volt (eV). An electron volt is defined as the energy a charge-field system gains or
losses when a charge of magnitude e (the elementary charge or the magnitude of the charge on an
electron or proton) is moved through a potential difference of 1 V:

J

W=qAV = Wey =(1.6x1072°C) (1) = 1.6 x107°C-V & C-V=C- -
= leV=16x10"12J

| consider the electron volt to be a misnomer because it sounds like a unit of electric potential (volts),
however, it is a unit of energy. It also refers to a positive amount of energy, even though the electron is
negative. Be careful of that.

J

Let's say we have two, large, equal magnitude charged parallel plates, the top plate has a positive
charge, and the bottom plate has a negative charge. We have shown the electric field is constant in this
case and will be directed downward. Let’s say the electric potential difference between the two plates is
12 volts and the distance between the two plates is 1.0 cm. Let’s define the top plate as plate A, and the
bottom plate as plate B. Let’s start by determining the general equation for the electric potential difference
when going from plate A to plate B.
A|+++++++++++++++++++++++++++‘+‘]+12V

11
> | E
o~ | ©
TVSV Y
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B B
AV:_f Ed?‘:—f EcosOdr
A A
B B
=>AV=—f ECOS(@O)dr:_Ef dr = AVionstante = —Ed
A A

This is a good time to discuss the negative sign in the electric potential equation. In other words, a charge
moving in the direction of the electric field will go through a negative potential difference and a charge
moving opposite the direction of the electric field will go through a positive electric potential difference.

Add to the example: If we release a proton from the inside surface of plate A, what will the speed of the
proton be right before it runs into plate B?

Set initial point at A and final point at B. Do not need a horizontal zero line because gravitational potential
energy for subatomic particles is usually negligible and it is in this case. We do not actually know the
electric potential energy initial or electric potential energy final; however, we do know the change in the
electric potential energy. Also, the charge and mass of a proton are given in the Table of Information
provided on the AP Physics C exam.

ME; = MEs = ME; = MEg = Ugieo, = KEp + Ugiocg

(!
= —KEp = UelecB - UelecA = AUglec = _Emvg =qAV

= AUgee = QAV & AV,_p = -12V

q
[2gAV (2)(1.6 x 10-19)(-12) m o _km
VBTN, T \/_ 1.67 x 10-27 =RISaEeSie S

m (3600 s 1mi mi qul
vB—47952§( The )(16@9m)_107288W~1'1X10 b

AU elec

& AV =

Now let’s look at determining the electric potential difference when moving at an angle relative to a
uniform electric field. We already know the electric potential difference when moving from point a1 to b:

AV = —Ed a
al_)b :l__ N I I_,.Z
Let’'s determine the electric potential difference when n
moving from point a2 to b: : .
Y YEY Y9y v8y Y Y Y Y
L[ drd
o)
k)‘/
b b b d Ed b
Avazﬁb:—f Edr:—f Ecosedr:—f E(—)dr:—(—) dr
ap ap ap h ap
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d
= AVa2—>b =-E E (h) =-Ed= AVa1—>b = AVa2_>b

The electric potential difference is the same for both of these because points a: and a2z have the same
electric potential.

ai ai b
AVa, oy == E-dr=-E cos®dr=-E | cos(90°)dr=20

az a az

Points a1 and a2 are on an equipotential surface. An equipotential surface (or line):
- Has the same electric potential at every point on the surface (or line)
- Is always perpendicular to the electric field
o Therefore, the electric field has no component along the equipotential line
- Equipotential lines are sometimes called isolines
- And it takes zero work to move a charged object along an equipotential surface

W=qAV = Wequipotential surface = @ (0)=10

o

This means the equipotential lines for a point charge look like this:

’
’
s
’

.

A

Y
Y
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And the equipotential lines for an electric dipole? IooK like this:

The equation for the electric potential which surrounds and is caused by a point charge is:
kq
r

This equation assigns our location of zero electric potential to be infinitely far away.

Vpoint charge —

We can use the relationship between electric potential and electric potential energy to determine the
electric potential energy which surrounds and is caused by a point charge:

Uelec qu

V= = Uglec = qV = Us point charges = d1 T
kg1q;
= U point charges = T

2 Thisis a simple example of an electric dipole which is a pair of electric charges of equal magnitude, but opposite sign separated
by some typically small distance.
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Realize, because electric potential and electric potential
energy are scalar values, determining those values for
multiple particles uses superposition. You just add all the
values together.

[*))

In order to understand how useful it is that electric potential

is a scalar and not a vector, let’s revisit an example from

before. Let's determine the electric potential caused by a
uniformly charged, thin ring of charge +Q, with radius a, at  ---
point P, which is located on the axis of the ring a distance x

from the center of the ring.

Because this is a continuous charge distribution, we need
to break the uniformly charged thin ring of charge +Q into
an infinite number of infinitesimally small charges, dQ.

]
k k kQ kQ
Vpoint charge = kTq = Veontinuous charge distribution = f(;)dq = F qu = T = Vp= ,—az 2

And from there we can determine the electric field at point P.

—_ﬂ/__ik—o__ i 2 2_%__ (_1 2 2‘§
T dx( a2+x2)_ kodx(a +x) = -kQ 5 (a +x) (2X)
kQx
=>Ep= 3
(a2 +x2)?

Notice that this derivation of the electric field at point P is much easier than deriving the electric field
directly like we did before. Therefore, | would recommend that you remember that, for a continuous
charge distribution, you can first determine the electric potential and then the electric field, and that is
often easier than solving for the electric field directly.
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Soo5/ind

Conductors are materials where the electrons are free to move rather easily, however, when they are in
electrostatic’ equilibrium, this means the charges are stationary in the object. There are four things you
need to remember about conductors in electrostatic equilibrium:

1) The electric field inside a conductor in electrostatic equilibrium equals zero. Einsige = 0
a. If the electric field inside were not equal to zero, charges would have a net electrostatic
force acting on them and they would accelerate, therefore the conductor would not be in
electrostatic equilibrium.

i Einsidge # @ = Fo = gE # @ = not in electrostatic equilibrium

b. Notice that this means that anything inside a conductor in electrostatic equilibrium is
shielded from all external electric fields. This is called electrostatic shielding.
2) All excess charges are located on the surface (or surfaces) of the
conductor.
a. Solid conducting sphere example:

i. Draw a Gaussian surface as a concentric sphere
with a radius slightly smaller than the radius of the
sphere.

ii. Using Gauss’ law, because there is no electric field
inside the conductor in electrostatic equilibrium, we
know the left-hand side of the equation equals zero.

iii. Therefore, there must be zero net charge inside the
Gaussian sphere and all the excess charges must
be outside the Gaussian sphere.

iv. Therefore, all the excess charges are on the surface
of the conductor.

q)E:ﬁE.dZ:M & Einside=0=>0= qencﬂ:qenclosedzg

Solid Conducting Sphere

€o €o
3) The electric field just outside the surface of a conductor in E—e—,
electrostatic equilibrium is: —_—
E st = 292 & | tosurface T A
outside €0 ——,
a. If the electric field had a component parallel to the surface of —_———]
the conductor, the charges would move, and the conductor ———n
would no longer be in electrostatic equilibrium. Therefore, E'/ s ':' '
the electric field at the surface of a conductor in electrostatic A€ | |1 1 PdAg
equilibrium must be perpendicular to the surface. —("\_If_: ' ,’I
i. Because equipotential surfaces are always —f_;—+ -
perpendicular to the electric field, the surface of a gﬁ%i
conductor in electrostatic equilibrium must be an —— |
equipotential surface. + VdAsige
B_, B B « *
AV =Vg—V, = —f E.dF = —f E cos 0dr = —f Ecos(90°)dr=0 —<—i{
A A A — <«
b. If we zoom way in on the surface of the conductor in N
electrostatic equilibrium, we can draw a Gaussian cylinder N
—_—

' Electrostatics is the study of electromagnetic phenomena that occur when there are no moving charges.
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Dp

with its cylindrical axis normal to the surface of the conductor.

— § E . dz" — Genclosed

€o
= Op = f EdA cos Bgige+ f EdA cos Bgng+ f EdA cos Bgng = —qe”;bsed
side left right ¢
end end

= [ EdAcos(9)+ [ EdAcos(@)+ [ (0)dA cos Bung = Tonceses

€o
side left right
end end
0 Qin
&0 = Z = Ojocal = A = (Qin = cSIocaIAend
end
OlocalA 0]
- EfdA =EAend 2o local’‘end e B local
€o €o
left
end

r

=

Eq

((2)az) r7?
=>E1"' i “rzﬁEzz(ﬂ)El&‘r—l'>1

4) For an irregular shape, the local surface charge density is at its maximum where the radius of

curvature is at its minimum. In other words, the largest number of excess charges per area will be

where the radius of curvature is the smallest.

a. To prove this, we have two conducting spheres connected by a long conducting wire with

the whole system in electrostatic equilibrium.
i. This system is a conductor in electrostatic equilibrium. In other words, when two
conductors are brought into contact with one another, the charges redistribute
such that both conductors are at the same electric potential. Please realize this
happens so quickly that the time for this to occur is considered to be negligible.
b. The radius of sphere 2 is smaller than the radius of sphere 1, and the distance, d,
between the two spheres is much, much larger than either radius.

.
A% d >@
2

k k
<IN &d>>r1 &V]_:Vz:)ﬂ:ﬂﬁﬁ:@

ri ) ri n
ri ri
01=(r—2)Q2 & r—2>1=>Q1>Q2
LU 2 2
_ kaa &Ezquz B | kaa |[(r) ) 9a1(r2)
(r1)’? (rp)°  E2 (% (r)? )L k@2 ) g, (ry)?

r rs

o ,
=E,>E, & E= . = 0, >0 =ifr,<rythenoc, >0,
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A capacitor is a way to store electric potential R R St S S St St S SR Al o)
energy in an electric field. The simplest form of
a capacitor is a parallel plate capacitor.

AR Y EY Y Y Y Y ( w
Capacitance, C, is defined as the magnitude of
the charge stored on one plate Q
divided by the electric potential C=— Lt -0
difference between the two plates: AV

- Capacitance is always positive.

o Q, is the charge on the positive plate.

o AV is the positive electric potential difference between the two plates.
The net charge on a capacitor is zero.

Qiota = +Q+(-Q) =0
coulombs

_Q . .
] C= AV = Capacitance in ~—vofts — F, farads

charge, Q = coulombs, C & capacitance, C = farads, F

o Itis not my fault the symbol for capacitance is C and capacitance is charge per electric
potential difference and the units for charge are coulombs for which the symbol is C.

- The three-line equal sign, =, means “is defined as”. This is not a derivation. We made it up. We
have simply decided to define the charge on a capacitor divided by the electric potential
difference of the capacitor as “capacitance”.

- Energy is stored in the electric field of the capacitor.

- The capacitance of a capacitor depends only on the capacitor’'s physical characteristics. For
example, the capacitor's shape and material used to separate the plates of the capacitor.

@)

The basic idea is:

- Start with an uncharged capacitor.
o No charge on either plate.
o No electric field between the plates.

- Attach the terminals of a battery to the two plates of the capacitor.

- Charges flow from one plate to the other plate of the capacitor.

- We now have a charged capacitor.
o Both plates have equal magnitude charge.
o There is an electric field and an electric potential difference between the plates.
o Energy is stored in the electric field of the capacitor.

Let’s derive the equation for the capacitance of a parallel plate capacitor. We have already derived two
equations for two parallel, infinitely large, charged plates with equal magnitude, but opposite sign.

0} Q 0
E” plates = E_@. = A_€0 & Avconstant E= '—'Ed = ”AV” = Ed = (A—EG) d
Q Q €0A
& CzA_V=o_—d=>Cuplate=T
AS@

This assumes there is a vacuum between the two plates. Usually, we place an insulating material
between the plates of a capacitor. This is both to help physically separate the two plates and because it
increases the capacitance of the capacitor. This insulating material is called a dielectric.
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N
/Einduced
H++++++++++t++tt+t+++FFFErt+++++ 4 [+HQ

______________________________ _Q

The charged particles in the dielectric are polarized and induce their own electric field (above in blue)
which is opposite the direction of the original electric field of the capacitor Eo (above in black). The net
electric field (below in black) is decreased. Because the electric field is decreased, the electric potential
difference across the capacitor is decreased, the charge of the capacitor remains the same, and the

capacitance of the capacitor is increased.
++++++++H+F A A A+ + 4+ (O

000 0[0 Q0 o]0 0[0 B0 0o
0 010 010 610 610 010 610 016
0010 010616 61 610 66 616

E= E0 "Einduced = E| & ||AV]| = Ed

= AV ]| & Qisconstant & C=A£V:>CT

The way we define the effect of a dielectric is with the dielectric constant. The symbol for the dielectric
constant is the lowercase Greek letter kappa, k. It looks basically like a lowercase k. The dielectric
constant equals the ratio of the electric permittivity of the dielectric to the electric permittivity of free space.
3
K= —
€o
- The dielectric constant has no units.
- Electric permittivity is the measurement of how much a material is polarized when it is placed in
an electric field.
o The easier it is for electrons to change configurations in a material, the larger the
dielectric constant of that material.
- The dielectric constant is also sometimes called relative permittivity.

We can also determine the relationship between the electric field between the parallel plates of the
capacitor with a vacuum and with a dielectric.
€ E E
s S e e o vacuum:K:_ﬁ
€9 Edielectric E

o Evacuum _

_ _ =
Evacuum = E_@ & Edielectric =

m|o|g‘|o

(0]
E E dielectric
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And then use that to determine the relationship between the capacitance of the capacitor with a vacuum
and the capacitance of the capacitor with a dielectric.

€A €
C"p|ate=C0_T & K—€—0=>€—K€g
gA ngA ngA

& Cdlelectnc =C= d d Cdielectric — d & C= KCG

According to the College Board, students are responsible for determining the capacitance only of the
following shapes: parallel-plate capacitors, spherical capacitors, and cylindrical capacitors.

Next, let’s derive the equation for the energy stored in a capacitor. Starting with an uncharged capacitor,
we move one, infinitesimally small charge from one plate to the other plate. Because the electric potential
difference between the plates is zero, moving this first charge takes no work. However, moving the next
charge does take work because there is now an electric potential difference between the two plates. The
work it takes to move a charge equals the change in electric potential energy of the capacitor and it
equals the magnitude of the charge which is moved times the electric potential difference the charge is
moved through which is the electric potential difference across the capacitor which now has an
infinitesimally small electric potential difference across it. We need to identify the infinitesimally small
charge as dqg and the amount of work it takes to move that charge dW. And take the integral of both
sides.

Q; =0 & W= AUgec = qAV = dW = AVdq
Q Q

&C—A—V:AV—Ezﬂ) OCAV
W:f@Aqu:f@o%dqz[g—H g—Z—g—z UC:S_Z
= Uc = % = %CAVZ = % (AOV)AVZ —OAV

= Uc = gz %CAVZ —OAV

Note: The energy stored in the capacitor is stored in the electric field of the capacitor and is equal to the
amount of work needed to move the charges from one plate to the other.

The capacitor in the disposable camera:

C = 120uF; AV = 330V
1 1
= Uc = 5CAV? = (120 x 1076) (330)° = 6.532 ~ 6.5J

2 2
leV
Ue = 6.532]
=58 X(1.6x10—19J

= Ur =~ 41 x 10° x 10%eV = U, ~ 41 billion billion eV

) =4.0825 x 1019 ~ 41 x 1018eV
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Current, Resistance, and Simple Circuits
Review for AP Physics C: Electricity and Magnetism
http://www.flippingphysics.com/apcem-current-resistance-simple-circuits.html

)
o= &=
o E
Q. So Flipping Physics Lecture Notes:
O
\UN

I
Electric current, 1, is defined as the derivative of charge with respect to time:

dq coulombs, C

:} ——————————————————
. ~dt seconds, S
o Amperes are a base S.I. unit.
o This is instantaneous current.
i A0
o average — At

i
Q.IQ.
~|Q

= amperes, A

e Current is the electric charge of the charges which pass by a point in a current carrying wire
divided by the time it takes for those charges to pass by that point.

e Current occurs when there is an electric potential difference across a wire. If there is no electric
potential difference, current does not flow.

AV=0=1=0

O
Unless otherwise stated, electric current in this class is all considered to be conventional current:
e The direction of conventional current is the direction positive charges would flow.
e Reality is that, in most circuits, negative charge carries (electrons €’) move opposite the direction

f conventional current.
of conve al curre Ax

Let’s look at charges flowing in a wire: Vd o © e
Start with the average current over a small section of
the wire Ax: ; A &
AQ
I average — At

<—vdAt—>

AQ = (# of charge carriers) (charge per carrier, q)
e Charge carrier density, n:
# of charge carriers

n= = # of charge carriers = nV
volume, V

= AQ =nVq & V=AAx = AQ = nAAXq

AX
Varitt = Vg = — = AX = V4AT
. AT
o Drift velocity, va: The average velocity of the charge carriers in a current carrying wire.
= If the current is zero, the charge carriers are still moving, however, the average
velocity of the charge carriers is zero.
= vq typically is quite low. On the order of 0.1 mm/s. The reason lightbulbs in a
circuit (for example) turn on immediately when you flip the switch is because all
the electrons are already in the wire. When you flip the switch, they all start
flowing.

A nAv At
= AQ = nAV4Atg = I = 9 _ nAvyAtq

. ATC At LTnAVYd
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Current density, J, is current per unit area:

I nAv
J:—=—dq=>J:nvdq
° A A & J - OE

o Materials which have this property are considered to be ohmic and follow Ohm’s Law.

o 0o is the conductivity of the material.
= Conductivity is a measure of how little a material opposes the movement of

electric charges.

=  Conductivity is a fundamental property of a material.

IAV|| = Ed = ||AV|| = EL
o An electric potential difference across a wire is what causes current in the wire and we

are assuming the electric field created in the wire is uniform. Rather than using d for the
distance in the electric field, we use L for the length of the wire.

AV AV JL IL L
. ﬂE—T:L]—O(T):AV—F—A_(}:HXV—(O_A)I
L
R=—
oA

The resistance of a wire, R, is defined as
e However, usually resistance is defined in terms of resistivity, p.
o Resistivity is a measure of how strongly a material opposes the movement of electric

charges.
o Resistivity is a fundamental property of a material.
1 pL
p=—>=>R=— & E=pJ
o A

@)
o This equation requires the resistor to have uniform geometry.
e Which brings us to the more common version of Ohm’s law:

L pL
AV_(O—A)I_I(T):AV_IR

o Again, not all materials are ohmic and follow Ohm’s law.

AV Its, V
= R=— =o0hms, Q= VoS
. I amperes, A
_pL _RA__Q-m*
. R = T ERET S — =Q-m

Resistance and resistivity are two terms which students often mix up:
e Resistance has units of ohms, Q, and is a property of an object.
e Resistivity has units of Q-m and is property of a material.
e Two objects can have the same resistivity but different resistances if they are made of the same
material; however, they have different lengths or cross-sectional areas.

The resistivity of a conducting material typically decreases with decreasing temperature. Think of
superconductors. Superconducting materials have zero resistivity, and require very, very low

temperatures.
e In this class, unless otherwise stated, the resistivity of conducting materials is considered to be

constant regardless of temperature.
e Resistors usually convert electric potential energy to thermal energy which can increase the
temperature of the resistor and can increase the temperature of the resistor’'s environment.
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Now we get to discuss electric power, which is the rate at which electric potential energy is converted to
other types of energy such as heat, light, and sound.

dU _ dUeIec _ d(QAV) _ dg

P="p, = - -
dt  elee T Tgp dt _ dt

& AV=IR=P=I(IR)=1I°R

2
AV AV AV?
& S P e

AV?2

:>P:IAV:IZR:T

A unit which is often used when it comes to electricity is the kilowatt-hour:

J 3600s

In other words, the kilowatt-hour is a misnomer (or maybe just misleading). It sounds like a unit of power;

1kW-hr = 3.6MJ

however, it is a unit of energy. And we know:

AV = P =1IAV

= 3.6x10°%J

A light bulb is a common item used in physics. It is a resistor which converts electric potential energy to
light, heat, and sound energy. The brightness of a light bulb increases with increasing power; therefore,
the brightness of a light bulb is often used to demonstrate the power in an electric circuit. Speaking of

electric circuits...

The Basics of Electric Circuits:
e An electric circuit is typically composed of electrical loops which can include wires, batteries,
resistors, light bulbs, capacitors, switches, ammeters, voltmeters, and inductors.

e Typical symbols for elements in electric circuits are:

Single Cell Battery Double Cell Battery Resistor

| fif — VWAV

Light Bulb Capacitor Switch
<> |
Ammeter Voltmeter Inductor

A vV ——
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charge
g & through ...
il e R battery

3

v

a1 it same height -XIES

: ’2'

|18 falling off wall ESEN

) . i o A NS G
e The long line of the battery is the positive terminal, and the short line is the negative terminal.
e Electromotive force, emf, €, is the ideal electric potential difference, or voltage, across the
terminals of the battery.
o Yes, the symbol, lowercase Greek letter epsilon, is the same as electric permittivity. &
o Yes, electromotive force is not a force. The term is another misnomer. &
e According to the law of charges, positive charges are repelled from the positive terminal and
attracted to the negative terminal; therefore, current is clockwise in this circuit.
e A battery adds electric potential energy to electric charges.
o Like lifting a mass adds gravitational potential energy to masses.
o Abattery is essentially an electric potential energy pump.
e A resistor converts electric potential energy to heat energy. (And maybe light sound energy)
o Like a mass falling off a wall converts gravitational potential energy to kinetic energy.
e Unless otherwise stated, wires are considered to be ideal and have zero resistance; therefore,
there is no change in electric potential energy of charges as they move along a wire.
o Like a mass at rest maintaining a constant height and therefore a constant gravitational
potential energy at either the top or bottom of the wall.

3
Q

.« electric potential energy —

A
S

3
5

E
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e Terminal Voltage, AV, is the measured voltage across the terminals of the battery.
o Because all real batteries have some internal
resistance, when a battery is supplying current to a
circuit, the terminal voltage of a real battery is less
than the emf.

=  The symbol for the internal resistance of a AV
real battery is typically, r. t
o One way to illustrate a real battery in an electric
circuit is shown in yellow.
AV =e-AV, = AV =e-1Ir
o As current increases, the terminal voltage decreases.

o The only way to get the terminal voltage to be equal to the emf is to have no current
flowing through the battery.
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Series and Parallel Circuits
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When an anthropomorphic' charge has no choice but to go through
two circuit elements, those two circuit elements are in series. For
example, a charge which goes through resistor 1 has no choice but to
also go through resistor 2. There is no other path for the
anthropomorphic charge to choose.

The currents through the three circuit elements must all be equal:
It=I1=1;

The “t” in the subscript refers to the current at the terminals of the
battery which is the current delivered by the battery to the circuit.

The electric potential difference across the battery equals the
summation of the electric potential difference across the two resistors:

AVbottom wire—top wire = & = AVl + AV2

(If you'd prefer to look at this in terms of the electric potential
difference around the loop in the circuit:)

de

AV|Oop=Vf—Vi=Va— a=0=E—AV1—AV2=>E=AV1+AV2

We know Ohm'’s law: AV = IR; therefore, ...

= & = ItReq = I]_Rl +IzR2
= Req = Ry + Ry

The “eq” in the subscript means equivalent. In other words, Req is one 1—
resistor with the equivalent resistance of the two resistors. t

Therefore, the equation for the equivalent resistance of n resistors in
series is:

Req series — ZRn - R1 + Rz + ...
n

When an anthropomorphic charge has the choice between two circuit
elements and then the paths through those two circuit elements
reconverge without going through another circuit element, the

two circuit elements are in parallel.

When circuit elements are in parallel, their electric potential
differences are equal:

E:AV'_[:AVZ T €

Note the junctions at points a and b. Due to conservation of
charge, the net current going into a junction equals the net

current coming out of a junction. For junction a:

' Anthropomorphism: Giving human characteristics or behaviors to non-human objects.
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Iin =Iout :>It =I1+I2

We can then use Ohm’s law:

A=A = P s B B AVe L 1

R Req R, R, Req Ri1
And we get the equivalent resistance for the two resistors in parallel:
1 1\
— e e
Ri1 R
And the equivalent resistance for n resistors in parallel:

_1 _
1 1 1 !

eq parallel ; Rn Rl R2

::»Req =

When we add a resistor in series, the equivalent resistance increases.
When we add a resistor in parallel, the equivalent resistance decreases.

Now let’s look at two capacitors in parallel:
We know the electric potential differences are all equal.

AVt — AV]_ - AVZ

+
Because the charges moved to the top plates of the Avt —_ ?
capacitors need to go to either capacitor 1 or capacitor 1
2, the charge moved by the battery to the plates of the
capacitors equals the sum of the charges on the
capacitors:

I||+

I||+

Q:r =01 +0>
We can then use the definition of capacitance:

Q
_E:O—CAV

To derive the equivalent capacitance of two capacitors in parallel:

= CquVt = ClAvl + CzAVZ = Ceq =(C1+ C2

And the equivalent capacitance of n capacitors in parallel:

= Ceq parallel = Z Cn = Cl + C2 + ..
n
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And we can now look at two capacitors in series:

The electric potential is the same as resistors in series:

And the charges on each capacitor are equal: A Vt-

Qt =01 =0

This is because the magnitude of the charge moved by
the battery to the top plate of capacitor 1 and the
bottom plate of capacitor 2 are equal in magnitude.
And those plates polarize the charges on the wire
between the two capacitors and the bottom of
capacitor 1 and the top of capacitor 2. This causes all
four plates of the two capacitors to have equal
magnitude charges. This is an illustration of
conservation of charge.

I||+

I||+

And we can solve for electric potential difference in C2
terms of capacitance and charge:

OZCAV:-)AV: E

And use that to solve for the equivalent capacitance of two capacitors:

-1
0 0, 0, 1 1 1 1 1
Ceq C2 C2 Ceq Cl C2 Cl CZ
And the equivalent capacitance of n capacitors:
% | . |

1 il 1
= Coqeeries = | 2 =—| =[=—+—=+.
eq series ~ Cn Cl Cz

Notice the equations for resistors and capacitors are reversed. That means that:
When we add a capacitor in parallel, the equivalent capacitance increases.
When we add a capacitor in series, the equivalent capacitance decreases.

Let’s discuss how to use the tools which measure current and electric potential difference. Starting with
the ammeter which measures current or amperes. We need to decide if an ammeter needs to be put in
series or parallel with the circuit element it is meant to measure the current through. So, let’s look at what
happens when we attempt to measure the current through a resistor using an ammeter in series and in
parallel with a resistor:
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(R
&)

E—— R € — (A) R

Hopefully you recognize that placing an ammeter in parallel with a resistor will not measure the current
through the resistor because the current through the ammeter and the resistor are not the same.
Therefore, an ammeter needs to be placed in series with a circuit element to measure the current through
that circuit element. Also, the resistance of an ammeter needs to be very small. In the above example, if
the resistance of the ammeter is not very small, it will increase the equivalent resistance of the circuit and
decrease the current through the resistor you are trying to measure the current through. Unless otherwise
indicated, ammeters in this class are considered to have zero resistance.

And now let’s attempt to measure the electric potential difference across a resistor using a voltmeter
either in series or in parallel with a resistor:

D

€ —— R € —— <V> R

Hopefully you recognize that placing a voltmeter in series with a resistor will not measure the electric
potential difference across the resistor because the voltage across the voltmeter and the resistor are not
the same. Therefore, a voltmeter needs to be placed in parallel with a circuit element to measure the
voltage across that circuit element. Also, the resistance of a voltmeter needs to be very large. In the
above example, if the resistance of the voltmeter is not very large, it will decrease the equivalent
resistance of the circuit, increase the current delivered by the battery, and change the overall properties
of the circuit. Unless otherwise indicated, voltmeters in this class are considered to have infinite
resistance.

To review:
e Ammeters: e \Voltmeters:
o Measure current o Measure electric potential difference
o Placed in series with the circuit element o Placed in parallel with circuit element
o Have nearly zero resistance* o Have nearly infinite resistance*

* You may see this called impedance in product literature for Voltmeters and Ammeters, due to the fact
that there is more to the behavior of these devices than just resistance. For the purpose of this class and
the AP Physics C Electricity and Magnetism exam, it will be called resistance unless otherwise noted.
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Kirchhoff's Rules of Electrical Circuits
https://www.flippingphysics.com/kirchhoff.html

Kirchhoff’'s Two Rules for circuits are very basic rules which are used to understand
circuits. Let's start with Kirchhoff's Loop Rule which states that the net electric
potential difference around a closed loop equals zero.

The Loop Rule is essentially conservation of electric potential energy in
a circuit. Because electric potential difference equals change in electric

potential energy per unit charge, the net change in electric potential E —__—+
energy in a closed loop then equals zero. -
AU AU
DY AV=0&AV=—== Y —==0= Y AU =0
closed q closed q closed
loop loop loop

Using a gravitational potential energy analogy here, this is like saying, if you drop a mass off a wall, then
pick up the mass and return it to its original location, the change in gravitational potential energy of that
mass equals zero. We know this to be true because the mass returns back to the same height as where it
started, so the mass will have the same gravitational potential energy at the end as it did at the beginning,

no matter where we place the horizontal zero line.

Going back to electric potential energy, this means, after a charge goes through one full, closed loop around a
circuit, the electric potential energy of the charge will return back to its original value. But because we are using
electric potential, we are really talking about the electric potential energy per unit charge at each location.

Let's say we have a 9-volt battery. That means we know the electric potential difference across the battery
equals 9 volts. As we go from the negative to the positive terminals of the battery, the electric potential will
go up. Technically we do not know the electric potential at any point, only the difference in the electric
potential, however, it is customary to assume the minimum electric potential is zero. That means we are
assuming the negative terminal of the battery is at zero volts and the positive terminal of the battery is at

positive 9 volts.

+9V +9V
Because ideal wires have zero resistance, that means the electric

potential in the upper left corner must also be 9 volts, the electric .
potential in the upper right corner equals 9 volts, and the electric vov| + R
potential at the top of the resistor is 9 volts. Also, the electric potential in E — %
the lower left corner must be the same as the negative terminal of the ov oV
battery, so electric potential in the lower left corner equals 0 volts.

Therefore, electric potential in the lower right corner is 0 volts, and the

electric potential at the bottom of the resistor equals 0 volts. This means ov ov

the electric potential difference across the resistor also has a magnitude of 9 volts. In other words, in this
circuit with two circuit elements, the two elements, the battery and the resistor, both have the same

magnitude electric potential difference.

In a previous lesson we determined that a positive charge in the circuit would be repelled from the
positive terminal of the battery and attracted to the negative terminal of the battery, therefore the current

in this circuit is clockwise. This means the current is down through the resistor.
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There is only one closed loop in our present circuit, so it might not seem

obvious that we need to do this, however, we need to define a loop " R
direction. Often the loop direction is the same as the direction which goes E—/—— loop I l %
from the negative terminal to the positive terminal of the battery and through

the battery, therefore, our loop direction for this circuit is clockwise.

This means as we go in the direction of the loop across the battery, the
electric potential goes up because we go from the negative to the positive terminal of the battery.
Therefore, when we sum the electric potential differences in our Kirchhoff's loop equation, the electric
potential difference across the battery is positive. When we go in the direction of the loop across the
resistor, as we illustrated before, the electric potential goes down. Therefore, in our loop equation, the
electric potential difference across the resistor is negative. We know the electric potential difference
across the battery equals the electromotive force or the emf of the battery. And the electric potential
difference across the resistor equals current times resistance. Therefore, we can determine the current in
the circuit in terms of the emf of the battery and the resistance of the resistor.

AVBattezy =€ & AI/Resz'stozr = IR

= Y AV=AV,, -AV,. . =0=e-IR=e=IR=1I= %
closed
loop

If we had chosen counterclockwise as the loop direction, all of our

electric potential differences in Kirchhoff's Loop Rule would have been

reversed. Because the loop direction goes from the positive to the

negative terminals of the battery, the electric potential difference across l % R
loop I

"l

the battery is negative, because the electric potential is going down. E—
Because the loop direction through the resistor is opposite the direction

of the current direction we defined through the resistor, the electric

potential goes up through the resistor and the electric potential difference

the across resistor is positive.

= Y AV=-AV, _+AV, =0=—¢+R=e=IR=I==
R

battery Resistor

closed
loop

Realize, we get the same result for the current in the circuit a
regardless of which loop direction we choose. If we had chosen

an incorrect direction for current, the current ends up being

negative, which tells you that you chose the incorrect current

direction. £ —

"l
AW
-~
W
o

Now let’s add a resistor to the circuit and talk about Kirchhoff's
Junction Rule which is the result of conservation of charge in the
circuit. The rule is sum of the currents entering a junction must

equal the sum of the currents leaving a junction, which is b
conservation of charge: a
Y1 =31 1
in out t
‘RI RZ
Junctions are locations in circuits where at least three circuit E —__—+ I I % % I
. ., . . . = t 1 2
paths meet. That means in our circuit we have two junctions
which are labelled a and b. Therefore, the current going into both I
of those junctions equals the current coming out of those -t
junctions. This means we need to define current directions. We b

do this the same way we did before, we place a positive test
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charge in the circuit and see which direction the Law of Charges defines electric force direction on the
charge. This means current will go to the right through the top wire, to the left through the bottom wire, and
down through both resistors. Let’s label those currents as current 1 through resistor 1, current 2 through
resistor 2, and current t through the battery because it is the current through the terminals of the battery.

Kirchhoff’s Junction Rule equations for this circuit are for:

I=I+I
I=1+1

junction b: 't

junction a:

Yes, these two equations are actually the same.

But how do we know a and b are junctions and the four exterior “corners” of the circuit are not junctions? |
know it may seem obvious because there are not at least three circuit paths at any of those locations,
however, this is a simple circuit. Again, we return back to placing a positive test charge on the wire.
Notice that a charge which approaches point a could go in the wire leading to resistor 1 or in the wire
leading to resistor 2. Because junctions are defined as having three circuit paths, any time a charge
comes to a fork in the wire, the charge could go down either wire, that makes it a junction. When a charge
enters a corner, there is no other choice but to continue along the same wire, therefore none of the
corners are junctions. Toop
Let’s identify the loops in this second circuit and determine a
their Kirchhoff's Loop Rule equations. We can define the first -
loop as the same as the previous circuit, but let’s call it loop It

A with a clockwise direction. There is another loop that R, i’
contains resistor 1 and resistor 2. Let’s call that loop B and |+ ] ( Loop I L I
also have that be clockwise. Lastly there is a loop all the way — t A 1 @ 2
around the outside; It includes the battery and resistor 2.

Let’s call that loop C and have it also be clockwise. I:

Kirchhoff's Loop Rule equations look like this:

Y AV=AV-AV, =¢—IR =0=¢=IR =1 =—

1 R

Loop A 1

E

D AV =AV,-AV, =e-IR,=0=¢e=LR =1 =—

Loop C 2
Y, AV=AV, -AV, =IR -L,R,=0= IR =LR,

Loop B

But notice the third equation is actually just a combination of the previous two: E= IIR = IZRZ
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QNN Sh Flipping Physics Lecture Notes:
—_— N RC Circuits
@\\P (\N\N Review for AP Physics C: Electricity and Magnetism

¢ http://www.flippingphysics.com/apcem-rc-circuits.html
R

Up until this point we have assumed all changes in electric current, electric —ANMN—

potential difference, and charge on capacitor plates were instantaneous. Today,
we put a resistor and a capacitor together and learn how those variables
change as a function of time. This is called an RC circuit. We start with a circuit ——
composed of an uncharged capacitor, a resistor, a battery, and an open switch,
all connected in series.

At time initial, ti = 0, we close the switch. —i I‘—‘/’—
3

We are charging a capacitor through a resistor.

Let’s start by adding a loop in the direction of current flow in the circuit. Then use Kirchhoff's Loop Rule
starting in the lower right-hand corner of the circuit:
R

AV|Oop=@=+€—AVC—AVR Ahhh

We can use the definition of capacitance to solve for the electric potential

difference across the capacitor: C
G = Q2 = AV = L T /V\' l
T AV T \4/

And we know Ohm'’s law: AVR = IR _{ f———
q 3

Notice we are using lowercase “q” for charge because the charge is changing as a function of time. | wish

we had a similar notation for current, I, however, if we used lowercase “i", | am sure it would be more

confusing. So, please realize charge, q, and current, I, are both changing as a function of time in the

above equation.

Now let’s look at limits, starting with ti = O:

e The initial charge on the capacitor is zero: ql
e This means the initial electric potential difference across the capacitor is also zero:

q 0

= AVC =—==0
c ¢
e We can now use the loop equation to solve for the initial current through the circuit.
: : : & .
=>0=€- c- IinitialR = LintiaR = € = Iinitial = R = Imax

e Because the charge on the capacitor will increase as a function of time, electric potential
difference across the capacitor will also increase. This means the current in the circuit will
decrease. In other words, the initial current in the circuit is also the maximum current.

And now the limit of “after a long time” or the t; = «.

e The final current in the circuit is zero: ~ N8l

0475 Lecture Notes - RC Circtuits - Review for AP Physics C E&M.docx page 1 of 4



e This means the final electric potential difference across the resistor is also zero:
= AVRf = 1finaIR = (@) R=0

e And we can use the loop equation to solve for the final charge on the capacitor:

:@:E—ﬁ—(Q)R=>Qf=EC Gmax

e Because we know the charge has been increasing this whole time, we know this is the maximum
charge on the capacitor.

Now let’s figure out what happens between ti = 0 and tr = », however, before we do, | want to point out
that AP Physics C: Electricity and Magnetism students are responsible for knowing how to derive these
equations. So, yes, you do need to understand these derivations and be able to do them on your own.
And here we go ... starting with our Kirchhoff’'s Loop Rule equation:

_e_ 9 p_e_9_,_8_ 49 _d9_¢ g
0=c¢ C IR= 1R=¢ C=>1_R RC=>dt_R RC
dg dg
= = (sc 9= 5 = re @0

(The above step is the one | find students forget most often. Yes, factor out a negative one on the right-
hand side of the equation. Write it down. Remember it. No, it is not an obvious step you need to take.)

ﬁ(q_lsc)dq———dtﬁf( _Ec)dq:—ft(Rlc)dt———f dt

= [In(q - sC)]e =[In(@g-€0)]-[In(@-¢€C)] =In (q_E:::C) _&

= e[n(q-_:cc)] = e‘R_tc = q—_Tic = e‘% = qg-¢&eC=(-€0) e‘R_tc

t t t
= q=¢eC-eCe rRc = q(t) = e:C(l - e‘ﬁ) =% G1{T) = 0mnas (1 - e‘ﬁ)

X In*
InX-Iny=In{—| & e" =x
Applicable known equations: y
Notice this equation fits our limits for charge:

q(0) = sc(l-e‘%) —eC(1-€) =€C(1-1)=0

g (c0) = sc(l—e"%) —eC(1-e*)=€eC(1-0)=€C =gy
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€C;

©)
()
oo
©
L
O
Time (s)
And we can derive the current through the circuit as a function of time:

., dg d _t d _t d/ _t 1) _t
1= ar = d—t(sC—sCe RC)_ E(—sCe RC)_—ECd—t (e RC)-—EC(—R—C)e RC

; € : , ; ==
= 1(t)= (E)e‘ﬁ = 1(t) = Inax€ RC

Again, this fits our limits for current:

= 1(0) (E)e—% € i = i(co) (E)e‘% 0
— —_ — ) = —_ —_—
R R max& R
£
R
<

Time (s)

And now we get to talk about the time constant!

_t
@ RC

In the equations for charge and current as functions of time, there appears this expression:

The time constant equals whatever appears in the denominator of that fraction. In other words, for an RC
circuit, the time constant equals resistance times capacitance. The symbol for the time constant is the

lowercase Greek letter tau, 7: 1= RC

Before we discuss further what the times constant is, let’'s determine its units:
V/(C & €& 1
T=RC=>QF=|-]||l=]|=======5

Al\v] A~ ¢~ 1
s S
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AV V Q C dg
= = — = — :—&I=—=>A=
R 1_:>Q A&C AV:>F v dt

The units for the time constant are seconds; it is the time constant.

ZENe

Let’s replace RC with the time constant in our charge equation:

t t
q (t) = Gmax (1 —€ RC) = g (t) = Qmax (1 —€ T)
And determine the charge on the capacitor after one time constant:

4(%) = Ao (1~ €77 ) = G (1= €7) = e (1~ 368) = q (1) = 0.6320

After one time constant, the charge has increased to 63.2% of its maximum value.

eC;

S
o)
W
N
oM
_

Charge (C)

T Time (s)

t T
I(t)=Ipax€ T = 1(T) = Iyae@ T = Ipax@ L = 1(T) = 0.3681 a0y
After one time constant, the current has decreased by 63.2% from its maximum value.

0.368

% Time (s)

Current (A) 2| ™

The time constant is the time it takes for a change of 63.2%. If you want to know more about the time
constant, | talk about it in more detail in my video Time Constant and the Drag Force:
https://www.flippingphysics.com/drag-force-time-constant.htmi

There are similar equations for discharging a capacitor through a resistor which we are not going to
derive today.

Please realize the following two calculus equations are on the AP Equation Sheet:

dx d
=Inlx +al & — (€)= ae?
fx+a nx+al dx( )
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°= Magnetic Fields

Review for AP Physics C: Electricity and Magnetism
http://www.flippingphysics.com/apcem-magnetic-fields.html

[ S—

R =

Magnetic fields (or “B” fields) are be created by magnetic dipoles:
e Just like electric charges are described as positive and negative charges, magnetic poles are
described as north and south poles.
o A magnetic monopole has never been found.
= This does not mean magnetic monopoles do not exist.
e We cannot prove magnetic monopoles do not exist.
o We can only say we have no evidence that they exist.
o If a magnetic dipole is broken in half, it becomes two new magnetic dipoles.
e Like poles repel and unlike poles attract.
o Just like the Law of Charges
e The magnetic field caused by a magnetic dipole
looks remarkably like the electric field caused by an
electric dipole.
o Bfield lines external to the magnet, point
from north pole to south pole.
= Just like E field points from positive
charge to negative charge.
o Magnetic field lines must be closed loops.
= Due to Gauss’ law for magnetism which we will get to, eventually.
= This means B fields inside the
magnet point from the south pole to
the north pole, to complete the
closed loop.
o A magnetic dipole placed in a magnetic field
will align itself with the magnetic field.
= Think compass!
e For planet Earth:
o The location of the geographic north pole is
close to that of the magnetic south pole.
o The location of the geographic south pole is close to that of the magnetic north pole.
= The north pole of a compass points north because it is attracted to the magnetic
south pole of the Earth.
e (unlike poles attract)
o The magnetic field of the Earth can be approximated as a magnetic dipole.

Spo5/d

Magnetic dipoles are the result of electric charges moving in circles.
e We will cover electric charges moving in circles creating magnetic fields extensively later. At this
point, just know that electric charges moving in circles create magnetic fields.
e The magnetism of magnets is most often the motion of electrons moving in circles inside them.
e Permanent magnetic dipoles and induced (temporary) magnetic dipoles are a property of the
object which results from the alignment of magnetic dipoles within the object.

The material composition of a magnet affects its magnetic behavior when it is placed in an external
magnetic field:
e Ferromagnetic materials can be permanently magnetized by an external magnetic field.
o The alignment of the magnetic domains or atomic magnetic dipoles is permanent.
o Example materials: nickel, iron, cobalt
e Paramagnetic materials are only temporarily magnetized by an external magnetic field.
o The alignment of the magnetic domains or atomic magnetic dipoles is temporary.
o Example materials: aluminum, magnesium, titanium
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Just like materials have an electric permittivity, €, materials also have a magnetic permeability, p:
e Magnetic permeability: the measurement of the amount of magnetization a material has in
response to an external magnetic field.
o Ferromagnetic materials have high magnetic permeabilities that increase in the presence
of an external magnetic field.
o Paramagnetic materials have low magnetic permeabilities.
o The magnetic permeability of materials is not constant. It changes depending on various
factors such as temperature, orientation, and the strength of the external magnetic field.
T-m
Ug = 41 x 1077 ——
e The magnetic permeability of free space has a constant value, po: A
A magnetic field is defined by the fact that a moving electric charge in a B field can experience a

magnetic force, Fs.
Fg = qV xB = ||Fg|| = qvBsin 6

o This equation is an experimentally determined equation. In other words, there is no way
to mathematically derive it! We know it is true because we have repeatedly measured it.

T=rxF=|t||=rFsin®

o Notice the similarities to the torque equations:

= A i i tesla, T
FB m = = g = ,
= 8 (= ¢ A-m
. e qvsin® (5) (s)m

1tesla, T=10,000 gauss, G

Please recognize that the magnetic field is a vector. To that end, we need to know the direction of the
magnetic force acting on an electric charge moving in a magnetic field. For that we use ...

The Right-Hand Rule: [Don’t be too cool. Limber up. Find your right hand.]
e Fingers point in the direction of the electric charge velocity.
e Fingers curl in the direction of the magnetic field.
o It's a good rule of thumb' to start at 90°.
e Thumb points in the direction of the magnetic force on a positive charge.
o For a negative charge, the thumb points 180° from the direction of the magnetic force.
o Make sure your thumb points normal to the plane created by the velocity of the electric
charge and the magnetic field.
* In other words, realize the direction of the magnetic force is always normal to the
plane created by the velocity of the electric charge and the magnetic field.
e Realize, the cross-product version of the magnetic force equation also gives you the direction of
the magnetic force in terms of unit vectors.
e Since examples of this concept require vectors in all three dimensions, we introduce two symbols
to indicate direction perpendicular to the page. A dot for out of the page, and an X for into the
page, like the pointed tip and fletching (feathers) of a flying arrow respectively.

A few examples:
P
%B
: v”//

.§. .FB.

" Ha ha ha!
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What if we have a series of charges all moving in the same direction? Like a current carrying wire?

. . . ~I=nA Vqq
e We already derived the equation for the current in a wire:
e And we know the magnetic force acting on each individual charge moving in the wire:

- - -
Fg=qvxB

e However, what we want to know is the net magnetic force acting on all the charges moving in the
wire. So, we need to use charge carrier density, n:

_ #of charges
o V = # of charges = nV = nAL

e Which we can use to get the magnetic force acting on all the charges moving in the wire:
- — — — —
Fg = (qV x B) nAL = nAvqL x B

e And we have derived the general equations for the magnetic force on a current carrying wire both
for a straight wire and, using an integral, a wire that does not follow a straight path.

:FB:IZxFa:F'B:fI(deFa) & ||Fsll = ILBsin®

e You use the same wonderful right-hand rule to determine the direction of this force.

Because it involves many concepts that are likely to come %X X X X X
up on the AP exam, let's take a moment to analyze a mass -
spectrometer: N N % x\\ X
[ RN X X
The magnetic field is uniform into the page throughout, and T T T T 1% x % x x
in the velocity selector, the electric field uniform and down. = !
y . sl x| x| x|x]x]|x >FBY\,® X X
Velocity Selector: EYA Yo YA Yoy oy < x
e For a positive charge the magnetic force is up and x v % % pxoxoxo XX
the Coulomb force is down. x| % x|x|x|[x x x x x
e For a negative charge the magnetic force is down == —— X X X X X
and the Coulomb force is up. e 7
e Regardless of whether the charge is positive or Fe Fg ng e
negative, the free body diagrams result in the same Koo x
Newton’s Second Law equation: X X X X X

Y F,=Fg—-Fg=ma,=0= Fg=F¢

E
= qvBsin® =gE = vBsin(90°) =E=> v = .

e So, all charged objects with the same constant velocity will all move in a straight horizontal line in
the velocity selector. Regardless of mass, charge sign, and charge magnitude.

Deflection Chamber:
e The uniform magnetic field is the only field present in the deflection chamber.
e The only force acting on the charged particle is the magnetic force which acts inward.
o The charged particles will move along a circular path with radius, R.
o Positive charges will be deflected upward.
o Negative charges will be deflected downward.
e Again, we use Newton’s Second Law:
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2
%
ZFin = Fg=ma,. = qvBsin6 = qvBsin(90°) = qvB =m Ft

E
m\ 2
mv¢ - (B) . s W RP
R = qB = R = mE = gRB =>q_ 5

The mass spectrometer is a tool for determining velocities and mass-to-charge ratios of electric charges.
Imagine how useful this could be for learning information about new particles!

= gB =
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Flipping Physics Lecture Notes:
Biot-Savart and Ampeére's Laws
Review for AP Physics C: Electricity and Magnetism
http://www.flippingphysics.com/apcem-biot-savart-ampere.html

The Biot-Savart law:

This is an experimentally determined equation; you cannot derive it.
e Unit vector r is a position vector which points from the location of the infinitesimally small length of
the wire, dL, to the location of the infinitesimally small magnetic field, dB.
o ris the magnitude of the distance between those two points
e Magnetic permeability, p, is the measurement of the amount of magnetization of a material in
response to an external magnetic field. po is the magnetic permeability of free space:

e This equation shows that a current carrying wire creates a magnetic field. In fact, because current
is composed of individually moving electric charges, even a single moving electric charge causes
a magnetic field.

The direction of the magnetic field created by a current carrying wire can be seen using the Biot-Savart
law. It is the cross product, so again, we use the right-hand rule!

e Fingers point in the direction of current/wire.

e Fingers curl in the direction of unit vector r.

e For conventional current, the thumb points in the direction of the magnetic field.

Notice the direction of the magnetic field caused by an infinitesimally small portion of the current carrying
wire, dL, is the same along a line parallel to the straight wire, however, the magnitude of the magnetic
field decreases as you get farther from a line perpendicular to the straight wire. The direction remains the
same because the cross product of dL and unit vector r always gives the same direction. The magnitude
decreases as the value of r, which is squared in the denominator of the equation, increases.

However, now realize that there are, for an infinitely long, straight, current carrying wire, an infinite
number of dL’s and all of their magnetic fields add up to cause the magnetic field to have a uniform value
at a distance r straight out from the wire. And, the magnitude of the magnetic field decreases as r, the
distance from the wire, increases.
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e An alternate right-hand rule exclusively for the magnetic field which surrounds a current carrying
wire is:
o Point thumb in direction of current.
=  Fingers curl in the direction of the magnetic field.
e The Biot-Savart law can also be used to determine the magnitude of the magnetic field a distance

r from an infinitely long, straight, current carrying wire. That equation is:
o We now know the magnetic field magnitude is inversely proportional to distance from the
wire.

Next up we have Ampére’s law, which is the magnetic field equivalent to Gauss’ law:

e Gauss’ law:
o Closed surface integral and charge inside a Gaussian surface.

e Ampére’s law:
o Closed loop integral and current inside an Amperian loop.

Example: Determine the magnitude of the magnetic field outside an infinitely
long, straight, wire with radius R and current 1.

Start by drawing an Amperian loop in the shape of a circuit of radius
which is concentric with the wire. And let's use Ampére’s law.
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Next let’s look at a solenoid. A very common tool for creating a uniform magnetic field. A typical solenoid
is a single, very long, current carrying, insulated wire wrapped to form a hollow cylinder. An ideal solenoid
has a length which is much, much larger than its diameter. The cross section of a solenoid looks like this.

Outside the solenoid, the magnetic field caused by the current in the top wires completely cancels out the
magnetic field caused by the bottom wires. In other words, an ideal solenoid has zero magnetic field
outside the cylinder of the solenoid. (ideal solenoid below)
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Now let’s derive the equation for the magnetic field inside an ideal solenoid. In order to do so, we begin
with Ampeére’s law and draw an Amperian loop. Just like Gaussian surfaces, we want to pick Amperian

loops to have sides which are at integer multiples of 90° relative to the magnetic field, and such that the
magnetic field is uniform on the sides of the Amperian loop. For an ideal solenoid, we pick an Amperian
loop shape of a rectangle with one side inside the solenoid and parallel to the magnetic field inside the

solenoid and the opposite side of the Amperian loop is completely outside the solenoid.

And now we can begin using Ampére’s law:

For side 3, the magnetic field is zero outside the solenoid, so that integral equals zero. For sides 2 and 4,
the magnetic field and ds are 90° to one another and the cosine of 90° is zero, so both of those integrals
equal zero. That means, the only integral which remains is the integral for side 1.

Where “n” is the turn density of the solenoid.
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Before we learn about electromagnetic induction, we need to learn about magnetic flux. Before we do
that, let’s review electric flux:
e Electric flux is the measure of the number of electric field lines which pass through a surface.
e When the electric field is uniform, and the surface is a two-dimensional plane:

- —
O =E-A=EAcosb =
e The general equation for electric flux: Df = fE -dA

Magnetic flux:
e Magnetic flux is the measure of the number of magnetic field lines
which pass through a surface.
e When the magnetic field is uniform, and the surface is a two-

g
AA
- - >
dimensional plane: (DB = B ) A = BA COsS 9 IE——TEI
B
>

e The general equation for magnetic flux:

dg = f§-d2\) = T-m? = webbers, Wb

e Example #1: Current through a wire loop. Use the right-hand rule to determine the direction of the
area vector. (Similar to the right-hand rule for angular velocity direction.) Fingers curl in the
direction of the current, thumb points in the direction of the area vector.

®g =BAcos® =BAcos90° =0

— i o _ >
e Example #2: ®p =BAcos® =BAcos0° = dg__ I
Gauss'’s law has to do with electric flux: - Z
2 7 _ Genclosed I
Df = § E-dA = “encesed >
€p Th -
X
Gauss’s law for magnetism has to do with magnetic flux: — ):B

e Because a magnetic monopole has never been found in nature or
in a manmade experiment, every magnetic field line is a closed loop.

e Therefore, no matter what shape the gaussian surface has, every magnetic field line which enters
the gaussian surface will also leave the gaussian surface:

®B=§§'d2\):0

e The above equation,
Gauss’s law for

magnetism, is the A

second of Maxwell’s L~

equations which are a M

collection of equations ~

| <
! : sian Sphere —-L'\‘—’/—\*\J Gaussian Blob
which fully describe < \

electromagnetism.

Gaus:
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Electromagnetic Induction:
e We have already discussed that moving electric charges create magnetic fields.
e |t should be no surprise that moving magnetic poles create electric fields.
o Notice how these interact with one another!
e When a magnetic field changes over time, this can induce an electric potential difference called
an induced emf, this causes charge to flow in a closed loop of wire which is called an

induced current. More specifically, the relationship is between a changing magnetic | | _ d(DB
flux and the resulting induced emf in a single closed loop of wire and is described by dt
Faraday’s law of electromagnetic induction:
o Induced emf = the derivative of magnetic flux with respect to time. (magnitudes)
e Substitute in the equation for magnetic flux: = -
o Nis the number of loops ddg d (B ‘A) d(BAcos9)
o Anemf can be induced by changing: €l =N dat |~ N at |~ N dt

= Magnitude of the magnetic field.
= Area enclosed by the loop.

* Angle between magnetic field and loop area. (6 between B and A)
= Or any combination of the three.

e In other words, if the only one of those three (B, A, and 0) which is
changing is the magnitude of the magnetic field, then the magnitude of

the induced emf through one loop of wire is: dB
e Electromagnetic induction is the process of inducing an el =1Acos 6 (—)
electromotive force by a change in magnetic flux. dt

e Faraday’s law is the third of Maxwell’s equations which are a
collection of equations which fully describe electromagnetism.

Now we need to determine the direction of the induced emf caused by a changing magnetic flux. That is
shown by removing the absolute value from the equation, which gives us, assuming only one loop:

e The negative in this equation means the induced emf is opposite the direction of dq)B
the change in magnetic flux. = ——
e The direction of the induced emf is called Lenz’ law. dt

o Yes, the negative added to Faraday’s law is called Lenz’ law.

o Lenz law: The current induced in a circuit due to a change in a magnetic field is directed
to oppose the change in magnetic flux and to exert a mechanical force which opposes
the motion.

e We use the right-hand rule’ to determine the direction of the induced emf. Examples below:

e Zero initial magnetic flux inside the loop.
e Original B field is into the screen and increasing, therefore the
original magnetic flux is increasing.
e Induced magnetic field opposes the change in the original
§ -0 magnetic flux and therefore is induced out of the screen to

- counteract the change in original magnetic flux.
e According to the right-hand rule, fingers curl out of the screen in
the direction of the induced magnetic field, thumb points in the
direction of the induced current which is counterclockwise.

I induced

initial final

' This is the “alternate” right-hand rule with the thumb pointing in the direction of the current in the wire and fingers curling in the
direction of the magnetic field created by the current in the wire.
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initial

I induced

final

e Original B field in the loop is into the screen and decreasing,
which means the original magnetic flux is decreasing.

e Binduced Opposes this change in magnetic flux and attempts to
maintain the original magnetic flux. Therefore, Binduced is into the
screen.

e According to the right-hand rule, fingers curl into the screen in
the direction of the induced magnetic field, thumb points in the
direction of the induced current which is clockwise.

Note: Magnetic flux is a dot product, so magnetic flux is a scalar. So, the induced magnetic flux does not
have a direction, however, the induced magnetic field does have a direction and the direction of the
induced magnetic field in the plane of the loop is always normal to the loop in which the induced current is

created.

initial

B
initial

X

X

I induced

final

e Original B field inside the loop is into the screen and the area is
decreasing which means the original magnetic flux is decreasing.
® Binduced Opposes this change in magnetic flux and produces a
magnetic field to maintain the original magnetic flux. Therefore,
Binduced is into the screen.

e According to the right-hand rule, fingers curl into the screen in
the direction of the induced magnetic field, thumb points in the
direction of the induced current which is clockwise.

(The next example was cut out of the video, however, y’all still get to enjoy it here!)

I induced

final

e There is no original B field so no original magnetic flux. The B
field is increasing out of the screen so the original magnetic flux is
increasing.

® Binduced Opposes this change in magnetic flux and produces a
magnetic field to maintain the original magnetic flux. Therefore,
Binduced is into the screen.

e According to the right-hand rule, fingers curl into the screen in
the direction of the induced magnetic field, thumb points in the
direction of the induced current which is counterclockwise.

e B field is originally parallel to the loop, so there is zero original
magnetic flux through the loop. Loop turns to cause the area of the
loop to now be normal to the B field which is out of the screen. So,
the original magnetic flux is increasing.

e Binduced Opposes this change in magnetic flux and produces a
magnetic field to maintain the original magnetic flux. Therefore,
Binduced is into the screen.

e According to the right-hand rule, fingers curl into the screen in
the direction of the induced magnetic field, thumb points in the
direction of the induced current which is clockwise.

Note: No matter which way the loop is turned, the change in the magnetic flux through the loop is the
same and the induced magnetic field is into the screen caused by the induced current which is clockwise

from this perspective.
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e B field is originally parallel to the loop, so there is no original

§ Ilnduced magnetic flux. B field turns to now be into the screen. So, the
original magnetic flux is increasing.
® Binduced Opposes this change in magnetic flux and produces a
magnetic field to maintain the original magnetic flux. Therefore,
Binduced is out of the screen.
e According to the right-hand rule, fingers curl out of the screen in
the direction of the induced magnetic field, thumb points in the

L direction of the induced current which is counterclockwise.

initial final
TI. =
B induced 0_> e B field is originally parallel to the loop, so there is no original
B magnetic flux. B field turns to now be ... still parallel to the loop.
So, the magnetic flux through the loop is still zero.
e No change in the magnetic flux means there is no induced
current. &
initial final

We now have covered all four of Maxwell’s equations which are a collection of equations which fully
describe electromagnetism:

q)E — f E’ dz\’ — Jenclosed

€9
CDBZ § §d2\)=0

1) Gauss’ law: surface

2) Gauss’ law in magnetism: surface
- do
e §E.qs- -2
3) General form of Maxwell-Faraday’s law of induction: dt
%B -ds = HgIin + Eolo—
4) The Ampére-Maxwell law: dt
Maxwell’s third equation is:
_ ddg
e The Faraday’s law of induction we previously learned: dt
o Which shows that changing magnetic fields create an electric potential difference
- — d(DB
$E-ds=-"2
e plus the more general addition: dt

o  Which shows that a changing magnetic field must also create a nonconservative electric field.

Maxwell’s fourth equation is:

§ B- ds = HoTin
e Ampére’s law:

o Which shows that magnetic fields can be generated by electric currents
d®g
. EoMo—
e plus Maxwell’s addition of dt
o Which shows that a changing electric field creates a magnetic field.
* In a similar manner to how a moving charge creates a magnetic field.
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Believe it or not, but our discussion of induced forces begins with two derivations of motional emf.
Motional emf is the idea that the motion of a conductor moving in a magnetic field can cause charges to
move in the conductor creating a voltage across the conductor. In other words, a conductor moving in a
magnetic field can acquire an induced emf across it.
e The conductor is moving to the right with a constant velocity at a right angle to a
magnetic field which is into the page.
e According to the right-hand rule, positive charges will
X experience an upward magnetic force, and negative B
charges will experience a downward magnetic force. x x
e This will result in the movement of charges with the
X final result being that there will be a net positive charge
on the top end of the conductor and a net negative X X
charge on the bottom end of the conductor. This
arrangement of charges creates a uniform, downward %
electric field in the moving conductor.
e As aresult of the downward electric field in the conductor, positive charges will experience a
downward electrostatic force, and negative charges will experience an upward electrostatic force.
e Because the conductor is moving at a constant velocity, the charges will arrange

S o510

X X X

X

X X X
-

@—}U?'Il

X : X
Y<i
DAL

X X X
X X

X
|
3f

X, X — X X themselves such that equilibrium is reached between the magnetic and electric
B F forces acting on the charges such that the electric field has a constant magnitude
% % i % and the charges in the conductor are moving with a constant velocity to the right;
R . : . .
v there is no vertical motion of the electric charges.
> e \We can now sum the forces on a positive charge.
X X X X e The same final equation is derived when using a negative charge.
[3\ALi3
X X X X

Y. F, =Fg~Fg=ma, =m(0) =0 = Fz = Fr = qvBsin 8 = qE
= VvBsin90° =E = vB=E

Previously we derived the equation relating voltage and a uniform electric field. We have already
identified the direction of the electric field, so we only need the absolute value of the voltage.

AV
&AV=—Ed=>|AV|:EL:>E:T:VB:AV=v8L=>£=vBL

L is the length of the conductor. We have derived the voltage or the induced emf across the conductor
moving at a right angle to a uniform magnetic field. This is called motional emf.

There is actually an entirely different approach to deriving the same motional emf equation. This
approach starts with a conductor moving to the right while in contact with two parallel, metal rails
connected by a wire at the left end with a uniform

X X X X X X X

magnetic field going into the page. The resistance of ‘ 1
the circuit is represented by the resistor shown in the §T IA N
wire on the left. A force is applied to the conductor to x X X | X|Fs* X X
cause it to move to the right. We can use Lenz’ law to R L FB<_—®":
determine the direction of the induced current in the X l X X X [TyX% X X
loop.

e The magnetic field is into the screen and the x X < X X < x

magnetic flux is increasing because the area < X——>

of the loop is increasing which increases the number of field lines passing through the loop.
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e The induced magnetic field opposes this change in flux and is directed out of the page.

e Using the alternate right-hand rule, our fingers curl in the direction of the induced magnetic field
which is out of the page inside the loop and our thumb points in the counterclockwise direction
which is in the direction of the induced current in the loop.

e Notice this means that, because positive charges are moving in the direction of conventional
current in the conductor, we can use the right-hand rule to show that the fingers point in the
direction of the motion of the positive charges which is up, fingers curl in the direction of the
magnetic field, which is into the page, and our thumb points in the direction of the magnetic force,
which is to the left. In other words, there is a magnetic force which opposes the motion of the
conductor in the magnetic field. If the applied force is constant, the magnetic force will also be
constant to keep the conductor moving at a constant velocity.

e Now we can use Faraday’s law to determine the magnitude of the induced emf in the conductor.

_ ,d®g  dBAcos® dity - dx
€ = i N a9t = —(1)Bcos (180°) 9t _BLdt
= € =VBL

Next, let’s look at a conductive loop which has a current induced in it, something we talked about
previously’, that induced current is now a bunch of charge carriers which are moving in a magnetic field.
Those moving charges now have induced forces acting on them, again this is something we talked about
quite a before now?. The following equations determine that magnetic force:

Fg=IL xB = ||Fg|| = ILBsin®

Let’'s walk through an example.
Below is a front view and a side view of a conducting loop in the shape of a rectangle. Let’s start by only
looking at the front view. Again, all directions for now refer to the front view only.
e A uniform magnetic field is directed out of the page and is decreasing.
e That means the magnetic flux through the loop is decreasing.
e LenZ law states the induced B field is out of the page to counteract the decreasing magnetic flux.
[ ]

Using the alternate right-hand rule Front View Side View _,
o Fingers curl with the induced B - B, A By
field, out of the page. o3 o °, oT ° -
o Thumb points counterclockwise - § Side 2 current T
with induced current. I 4
. . ) ) ° ) o_, e
e The right-hand rule on the induced S 4 A_F
i _ —~— B, =2 ® 2
current in side 1 of the loop: By Y P FB4 FB2
o Fingers point to the left in the ° ° ° o |[2e -
i i i W Side 4 current
d|_rect|on of the induced curr(_ant. T
o Fingers curl out of the page in o ol 3 o o <
the direction of the original ,_:’B *—»
magnetic field. 3 Fg,

o Thumb points up in the direction of the induced magnetic force on side 1.
e For the remaining sides the right-hand rule shows the induced magnetic forces are:
o To the right on side 2.
o Down on side 3.
o To the left on side 4.
e Notice that the net induced magnetic force on the loop equals zero!
o The induced magnetic forces on sides 1 and 3 are equal and opposite.
o The induced magnetic forces on sides 2 and 4 are equal and opposite.

L Electromagnetic Induction Review for AP Physics C: E&M- http://www.flippingphysics.com/apcem-electromagnetic-induction.html
2 Magnetic Fields Review for AP Physics C: E&M - http://www.flippingphysics.com/apcem-magnetic-fields.html
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Now let’s switch to the side view. Again, all directions for now refer to the side view only.

e Side 1: The induced current is into the page, and the induced magnetic force is up.

e Side 2: The induced current is up and to the right, and the induced B force is out of the page.
e Side 3: The induced current is out of the page, and the induced magnetic force is down.

e Side 4: The induced current is down and to the left, and the induced B force is into the page.
e You can see the net induced magnetic force on the loop is still zero, however, ...

e The induced magnetic forces cause a net torque on the loop! Net torque is not zero!

o Assuming the loop is not attached to anything, the net torque on the loop would cause an
angular acceleration around its center of mass which is counterclockwise at this specific
moment in time. FB Front View

Now let’'s change the example by making it so the magnetic field abruptly .B’ i ° ,—f -y
ends partway through the loop.3 < 1 "B —
e Again, the magnetic field is uniform, directed out of the page, and is I
decreasing in magnitude. N o
e LenZ law gives us the same direction for the induced current in the 34_ A
loop; counterclockwise. ﬂ Y ° ° 2
e Using the right-hand rule to determine the directions of the induced
magnetic force: 3 .>

o Side 2: This entire side of the wire is not in the magnetic
field, so there is no induced magnetic force on side 2!

o Side 4: Everything is the same here. Induced magnetic force is to the left.

o Sides 1 and 3: The directions are the same as before (1 is up, 3 is down), however, only
the part of each side which is in the magnetic field will experience an induced magnetic
force, therefore, the magnitudes of these induced magnetic forces are smaller than in the
previous example.

e The net induced magnetic force on this loop does not equal zero.
o The induced magnetic forces on sides 1 and 3 are equal and opposite.
o The net force would accelerate the loop to the left.

In other words, the net induced magnetic force on a current carrying loop:
e Which is entirely in a uniform external magnetic field always equals zero.
o (The induced magnetic forces can cause a net torque on the loop.)
e  Which is only partially in a uniform magnetic field is nonzero.
o This can cause a translational acceleration of the loop.

31 would argue that creating a magnetic field which looks like this is impossible, however, it is helpful for learning. So, step off!
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Let’s switch it up again. In this example we have a rectangular conducting loop in a uniform magnetic field
oriented as shown. We place an emf across the loop to cause current I in the loop.

In the front view you can see that, according to the right-hand rule, a net torque acts on the loop causing
it to angularly accelerate in a clockwise direction (in the front view).

Everything we have been referring to is the initial
position of the loop. After the loop has turned 90
degrees, we are now at the final position of the loop.

This is a very basic illustration of how an electric
motor works. Current is placed through wire loops in
magnetic fields which causes the loops to rotate
converting electric potential energy to mechanical
energy.

Now let’s look at how the magnetic flux changes
from the initial to final positions.

The initial magnetic flux through the loop is zero.
The final magnetic flux through the loop is nonzero.
The magnetic flux through the loop changes, which
means there is an induced magnetic field, an
induced emf, and an induced current in the loop. We
need to use Lenz’ law to determine the direction of
the induced current.

—

Top View

B

-
>

il
nll

1 T

AoR~ /

Front View

!

initial

Side View

In the side view, the magnetic flux is out of the page and increasing. In order to resist this change in
magnetic flux, the induced magnetic field is into the screen (in the side view). According to the alternate
right-hand rule, the fingers curl into the screen in the direction of the induced magnetic field inside the
loop, thumb points clockwise (in the side view) in the direction of the induced current in the loop.

In other words, in electric motors, there is an induced
emf and an induced current caused by the change in
the magnetic flux in the loops of the motor, and that
induced current is opposite the direction of the current
placed in the loops to cause the loops to rotate. This
induced current decreases the current in a turning
electric motor. This concept is called back emf and is
present in all electric motors when they are rotating.

Realize this back emf is not present when the electric
motor is not rotating. In other words, when an electric
motor is first starting up, the current through the
electric motor is larger than when the electric motor is
running at a constant angular velocity. This lack of
back emf when an electric motor is not moving can
cause lights which are on the same circuit to dim
when an electric motor is first starting up and can
even cause a circuit breaker to trip if something
suddenly binds the electric motor causing it to stop
rotating which brings the back emf to down zero and
suddenly increases the current in the circuit above the
maximum current allowed through the circuit breaker.*

4 Yes, | have done this. &

ol

ol

Top View
: >
>
>
AoR\; >
. final . .
Front View Side View
S ?B > o o§ ° ° .
®r <
> ° Ao ° .
~ «BoR Minduced ____
AoR - ° ° ° °
I(Z >
"-B > ° ° ° °
page 4 of 4

0483 Lecture Notes - Induced Forces - Review for AP Physics C E&M.docx



25
°>

(O

QN

Flipping Physics Lecture Notes:
Inductance
Review for AP Physics C: Electricity and Magnetism
http://www.flippingphysics.com/apcem-inductance.html

e
[ S—

R

Let's look at a basic circuit. Before time t = 0, the switch in the circuit is open and zero current
flows through the open loop. At time t = 0, the switch is closed and remains closed. From this

S o510

perspective, a clockwise current, I, is now in the circuit. Up to this point we have assumed the £T R
current appears instantaneously in the circuit. You should realize that, in the real world, nothing
changes instantaneously. So, let’s look at what really happens when the switch closes. ~
According to the alternate right-hand rule, the clockwise current, I, in the circuit causes a magnetic field
which is out of the page outside the loop and a magnetic field which is into the page inside the loop. In other
words, this circuit is a loop which initially, before time t = 0, has zero magnetic flux in it B I .
and, as soon as the switch is closed, the loop has magnetic flux in it. We know, according >
to Faraday’s law, that a changing magnetic flux induces an emf and can induce a current. g ¢
We can use Lenz’ law to determine the direction the induced current would be in the loop: * |« -l
dd, © Initially, there is zero magnetic flux. E__x x x§ R
€induced = —N e Finally, there is a B field which is into the page inside the loop. . .
d o Note: Only the magnetic field inside the loop causes a magnetic ~ Linducedy x  x  x  x
flux inside the loop. . . . .

Therefore, the magnetic flux is increasing.

LenZ's law states that an induced magnetic field is created to counteract the change in magnetic flux.

Therefore, the induced magnetic field is out of the page.

According to the alternate right-hand rule, an induced current would be counterclockwise in the loop

from this perspective.

e This means the current in the circuit does not instantly change from 0 to I. The current in the circuit
takes time to transition from 0 to I, because, the circuit itself opposes the change in current.

e This opposition of a circuit to a change in current in that same circuit is called self-inductance.

e In general, opposition to a change in current in a conductor is called inductance.

To get to the equation for inductance, we need to return to the simple circuit example and the basic

concept of Faraday’s law. ddg
e Induced emf is proportional to change in magnetic flux with respect to time. €induced & F
e The magnitude of magnetic flux equals the magnetic field times the area of the loop
times the cosine of the angle between the direction of the magnetic field and the ®g =BAcosH
direction of the area. dB

e Assuming the area and angle are not changing with respect to time, the induced  €induced &

emf is proportional to the change in the magnetic field with respect to time. dt
e An example of a magnetic field around a current carrying wire is the one which poI
surrounds an infinitely long current carrying wire which we have derived previously. ~ 2na
o “a”is the straight-line distance perpendicular out from the wire to the
Ioca’uon of the B field. dI

e This means the induced emf in a conductor is proportional to change in current in €induced & ==
the conductor with respect to time. dt
An inductor is a circuit element with a known inductance. ar
The equation for the inductance of an inductor is: =-L—
e “L”is the inductance of the inductor. dt
e The simplest version of an inductor is a small, ideal solenoid. Because a solenoid is in the shape

of a coil, the symbol for an inductor looks like the coils of a miniature solenoid. L
e The units for inductance are henrys, H. _\QQQ/_
dI g V V )
=L - -0 ey ll- -
o dt dlfgt Als Y A
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It is important to understand the difference between resistance, resistivity, resistors, inductance, self-

inductance, and inductors.
e Resistance is an opposition to current. (concept) R ﬁ/

o The units for resistance are ohms, Q. I
o The resistance of a circuit is often assumed to be zero. (self-resistance?)

o Aresistoris a circuit element with a specific resistance. (physical object) p= ﬁ
= “R”is the resistance of a resistor. L
= Aresistor is made of a material with a material property called

resistivity, p. R
e The units for resistivity are ohm meters, Qem. VVVY

= Aresistor can be added to a circuit to change the resistance of the circuit.
= Aresistor can be added to a circuit diagram to model the resistance of the circuit itself.
e Inductance is an opposition to changes in current. (concept)
o The units for inductance are henrys, H.
o The opposition of a circuit to the change in the current in that circuit is called self-
inductance. (concept)

(3
= The self-inductance of a circuit is often assumed to be zero. L= -
o Aninductor is a circuit element with a specific inductance. (physical object) dZfat
= “L”is the inductance of an inductor.
= A typical shape for an inductor is a small, ideal solenoid. L

e There is no material property called “inductivity” because _\.QQQ/_
the inductance of an inductor is mostly caused by the

shape, not the material, of the inductor. A magnetic material in its core
can affect the inductance through its magnetic permeability, but not the
material of the wire coil.
* Aninductor can be added to a circuit to change the inductance of the circuit.
= Aninductor can be added to a circuit diagram to model the self-inductance of the
circuit itself.

Considering the most common shape for an inductor is a small, ideal solenoid, let’s look at that case
specifically. We have two different equations for induced emf which we can set equal to one another:
ddg dI
€ =-N— =-L— = Nddg = LdI
induced dt dt B
o Nis the total number of loops or coils in the solenoid shaped inductor.
o We can cancel out df on both sides of the equation

@ 1 Nos  N(BAcos @
=>de®3=de1 =N [ ddg=L [ dI=NOg=LI= Legenos = 7> = ( ICOS)
0 0

[ ]
o Take the integral of the whole equation.
o Both N and L are constants and can be taken out from their integrals.
o Substitute in the equation for the magnitude of magnetic flux.
NBA cos (0° NA NI
= Lsolenoid = % . B(T) & Bsolenoid = MoNI = IJ@T
o Inan ideal solenoid, angle between magnetic field and loop area vector is always 0°.
o We have the equation for an ideal solenoid which we derived earlier. N
* nis the turn density of the solenoid. n=—

= We already defined N as the total number of loops in the solenoid, 4
=  Therefore, the curly f, is the entire length of the ideal solenoid.

e NotelL# L. (Inductance does not equal solenoid length.)
e (L for aresistor is its length not its inductance. @)

NI\ (NA LpN2A
= Lsolenoid = ( 0{; )(T = Lsolenoid = @7

o The inductance of an ideal solenoid is determined by:
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= N, the number of turns: A, the cross-sectional area: f solenoid length.
= Y, the magnetic permeability of the space inside the solenoid. For an ideal solenoid
with nothing inside it, that equals the magnetic permeability of free space.
=, the magnetic permeability of the core material, replaces po when the solenoid
has a core material such as iron.
e Inductance does not depend on current through the solenoid!
o Resistance does not depend on current either!

Next, we are going to derive the equation for the energy stored in the magnetic field —\QQQ/—
generated in an inductor as charges move through the inductor. To do that, we |
need to discuss an LR circuit. A circuit with an inductor and a resistor in it. Initially,
at time t < 0, the switch is open. At time t = 0, the switch is closed. The current will I
increase from zero to some steady-state current, I. We are not going to derive the €T R
time-dependent equations for LR circuits today, we will do that in a future lesson.
Using Kirchhoff’s Loop Rule, starting from the lower left-hand corner we get: _/._
I I
e N N e e e
. dt dt
o Electric potential across the battery goes up because the battery is \QQQ_/
adding electric potential energy to the circuit. L
o Electric potential across the inductor goes down because electric
potential energy is being stored in the magnetic field of the inductor. R §l
o Electric potential across the resistor goes down because the
resistor dissipates electric potential energy from the system. I
o We can now multiply this whole equation by the circuit current, I.

dI —
=P=Ie=LI__+IR

o We get the equation for power for each circuit element:
= The rate at which energy is being added to the circuit by the battery.
= The rate at which energy is being stored in the magnetic field of the inductor.
= The rate at which energy is being dissipated by the resistor.
e We can now look specifically at the rate at which energy is being stored in the magnetic field of
the inductor.

U, 7 I
Lpo U, dI =>dU:LI(dI):>f dU:f LI(dI):Lf I(dI)
° dt dt 0 0 0

I
1'2
= U = [L (—)] => U = 1L12
2 1l 2

e We now have an equation for the energy stored in the magnetic field generated in an inductor as
charges move through the inductor.
o That energy is only present when current is passing through the inductor. This is because
the magnetic field generated in the inductor is due to the charges moving through the
inductor. If the charges are not moving, there is no magnetic field in the inductor.

A capacitor functions differently:
e The energy stored in a capacitor is stored in the electric field of the capacitor.

o The energy stored in a capacitor can remain when a 02 1 1
capacitor is disconnected from a circuit because . - = - —CAVZ _ —OAV
charges can remain separated on the plates of the C 2C 2 2

capacitor which would maintain the electric field
between the plates of the capacitor.
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35 S
RZ S
(O, S Flipping Physics Lecture Notes:
[N o) ®Q
(\’\

This LR circuit is a circuit with a battery, a resistor, an inductor, and a switch.
Before time t = 0, the switch is open. At time t = 0, the switch is closed and
remains closed. A few general things to realize:

e The initial current in the circuit, at time t = 0, is zero.

e The inductor opposes the change in current in the circuit which is what
causes the current to change from its initial current of zero to its final
steady state current.

e After a long time, the inductor behaves like any other ideal wire in a

=

LR Circuits - Review for AP Physics C: Electricity and Magnetism

circuit and has zero resistance. In other words, after a long time the

current has reached its maximum value and behaves as if the inductor is not there.

Let's determine equations for the limits. To do so, we use Kirchhoff's Loop Rule
starting in the lower left-hand corner of the circuit:
dI

AVigoy =@ =€~ AVg-AV =€ -IR-L—

We can use this equation to determine the remaining limits.

m
|
|

@ti=0;Ii=@
dI dI dI ¢ dI E
=>0=€- Ld—t:>£ Ld_t rriali) (d_t) —Z[maxvalue]
initial
I
@ tf=~o0; d :0=>0:£—IR=>If:E[maxvaIue]
dt final R

And now we can derive the equation for current in this LR circuit as a function of time.
Going back to the Kirchhoff's Loop Rule equation:

aI dI LdI ¢
=€-IR-L—>=>L—=€-IR=> —— = - —
2 dt  Cdt ~ Rdt R
L —du du
& Letu = ——Iﬁdu —dIﬁﬁﬁ—Uﬁv———dt
u
=>de [- dt:ffldu_——fdtzlnu] ——t

X du
f_ :|n|x—a|:>f—:ln|u|:Inu
X—a u

e In this problem a = 0 and, because I varies from 0 to —, u is always positive (or zero).

R
= Inus-Inu; =In (ﬁ) =—Et:>e(ln(5_;c)) =e(_§t) = dr —e( RLt)
i L u;
Rt
=>uf=uie( )&uf_E—If&ulzi—Iizg
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= E—If=;e(_RL_t)=>—If=—

= I(t)=2 (1 . e(_RL_t)) = I (1 - e(‘i_t))

Note, this fits our limits because:
R(@)

r<0)=§(1-e(‘T))=;(1-e0)=§<1-1>=e

°
R(e0)

I(oo):;(1—e(_T)):;(1—e‘°"):;(1—@):%

We can also determine the time rate of change of current as a function of time:

- E(T) 9 _d (5 _ Ee(—’i—f)) - (-5 2el ) -(5) (B)e(—’i—f)

"R R dt _dt\R R R) dt RI\L

dt dx

Again, this fits our limits because:

dI g (LR dI it
= d_t(t) = Ze( L) = ( )maxe( L) & i(eaX) — g3

j—i (0) = %e(_@) ==L & % (c0) = %e(‘@) = Ze~ =0

And we can determine the time constant, t:

I(t)= %(1—e(_£)) & 3—‘; (t) = %e(_g) == %

= I(1)=2(1-el7)) =2 (1-e) = £ (1-0.368) = 0.632,
N j—i (1) = %e(‘5) s §e<—1> = 0.368% =1~ 0.632)%

And the graphs:

You can consider the derivative of current with respect to time to be the acceleration of moving objects.
Amps are coulombs per second. So, amps per second are coulombs per second squared. The time rate of
change of current is the rate at which the current is changing, just like acceleration is the rate at which
velocity is changing.

— & |% |
Elw et
i
- 3
:
) @
Qlw L
T O|%
< . )
t N|\.a
8 T
(%] 0
Time (s) Time (s)
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Flipping Physics Lecture Notes:
LC Circuits
Review for AP Physics C: Electricity and Magnetism
http://www.flippingphysics.com/apcem-lc-circuits.html

pp!
5200%&75

&

This LC circuit is a circuit with a capacitor, an inductor, and a switch.

Before time t = 0, the switch was open for a long time. At time t = 0, the C L
switch is closed and remains closed. A few general things to realize: +__
e The initial charge on the capacitor must be nonzero, if it were EYYYYYYWY t<oO0
zero, nothing would happen when the switch is closed. S

e The initial current in the circuit must be zero because there was
no current in the open circuit before the switch was closed.

e The inductor opposes the change in current in the circuit which is 7~
why it takes time for the current to change from zero.

e The current through the inductor is from the charges leaving the
capacitor to flow through the circuit, therefore, as current through
the inductor increases, charge on the capacitor decreases.

e The electric field in the capacitor is decreasing in magnitude and
the magnetic field in the inductor is increasing in magnitude. _ C

e Once the charge is completely discharged, q = 0, the inductor t>0 B
has its maximum magnitude magnetic field and the current —
through the inductor is at its maximum.

e Current will continue to flow and build up charges on the plates of
the capacitor, however, the orientation of the positive and
negative plates will be reversed, and the current is decreasing. - o0—0——

e Eventually the current through the inductor will reduce to zero
and charge will be at a maximum on the plates of the capacitor.

e Repeat the whole cycle in reverse.

e This is simple harmonic motion!

o A horizontal mass-spring system is a good analogous

'\
~

situation. —
Em
Now let’s derive equations for the LC Circuit, starting with the total Ll
energy in the circuit: +
0?2 1 g> 1 .
Up=Ur+U; = —+ZLI?=2_+=Li?
tmReTEL T o0 T 2 2C ' 2

e Typically, we use uppercase symbols for constants and
lowercase symbols for variables.

We know Imax > q=0 & Qmax—>i=0

e We can take the derivative with respect to time of the total energy equation. We know the
derivative of total energy in the LC circuit equals zero because these are all ideal components
with zero resistance. In other words, no energy is being dissipated from the system.

LI (qz

1
s e— — .2:
dt _ dt 2c+2Ll) 0

e We need to use the chain rule for both energy expressions because time is not a variable in
either energy expression, however, both charge, q, and current, i, are changing with respect to
time.

_d(g*\ d (1, ., _(2g\dq (2Li)\di
:>0_d_t(i)+a(§u ):0‘(2? at "2 ) at
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_ Q)d_q ,di . _dg di dq
2’0‘(6 gt Tl &4 dt &dt qt2
g) 2q q d?q _ d’q _ 1
S 8= (c“(“) = ()dtz ()dtZ gtz -~ Lc’
d2x 5
— = —w’x

e The equation definition for simple harmonic motion is: dt?
e Therefore, we know the angular frequency of an LC circuit And we can determine the period of an

LC Circuit:
e JLI
Lc~ I ¢c Lc = e

21 2m 21 —
& W= 2T[f—T:>T_K=>TLC 1/\/—iTLC 2nVLC

e And we know a general equation which satisfies the simple harmonic motion equation:
t t
X(t)=Acos (Wt + ¢) = q(t) = Qmax COS(TC + ¢) = g (t) = Qpax COS (Tc)

e For this specific LC circuit the initial charge on the capacitor is Qmax , therefore, the phase
constant is zero.

- o |- )2 1)
dt max \/I__C = max \/L_C dt \/E

e We can also determine current in an LC circuit as a function of time and an equation relating
current maximum to charge maximum.

. Omax . [t Qrmax t
t)=-—= —— | = Imax = = 1(t)=-I sm(—)
S «/Esm(«/ﬁ) S el

e We can also derive the current maximum using the equation for total energy in the LC circuit.

& 1=

> 1, ., Q? 1 Q2
U =Uc+U; = ik Ele = ;‘gx +0=0+ iLIﬁqax rz_ax LIZ..
Ozmax _ Qmax

:>I|?nax: T = Imax = —,E

e We can determine equations for energy as functions of time.

2
[ cos (55| ety = B o |

2

L _O’“Ta(’; sin (\/%)] = (%L) (Oizngx)sinz (%)
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2 2

Sin
2C Ve 2€ VLC
Orznax

%)l () ()
Ue (t) = [ 2= 2| — — Ue (t) = ==
= Ue (@) (2C cos VLC e VLC = Ue0="5¢ g sin“0+cos?@ =1

Below are two screenshots of the LC circuit animation. Honestly, you need to watch and hear the
discussion of everything going on the animation to understand it.

o[ (W—ZWSWW
S

i N+ C6 L1
5&/ EY:Ymg; ; '
af 2 3 2 ) Jp— =

g )

T e

: /\ C = L I
iIN__ T B Lo
S] 2 3 2 1 g
3 ()}
: B
) T T 3T T ~
i 2 4 o=
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QNS Flipping Physics Lecture Notes:
°= Equations to Memorize for

AP Physics C: Electricity and Magnetism
http://www.flippingphysics.com/apcem-equations.html

[ S—

R =

S o5/d

| am definitely not a fan of rote memorization, however, sometimes there are good reasons to memorize
equations. Here are my suggestions for AP Physics C: Electricity and Magnetism memorization

e Quantization of charge: Q =ne

— -19
o e = elementary charge: e=160x10"""C

e The Law of Charges:
o Two charges with opposite signs attract one another.
o Two charges with the same sign repel one another.
e The electric field around a point charge:

- kqQ
- B kqi1q> rz _ka
=& & F,= = E =L - =
] E q 2 point charge q r2

e You do not have to memorize it, it is on the Table of Information, however, it seems to come up
quite often. The relationship between the Coulomb’s law constant and vacuum permittivity:
1
.  4me,
e Electric field around a continuous charge distribution: (memorize and know how to derive)

- ko,\ — k d . - k d R
Epointcharge: _2r=> dE = ( q)r:>de=f (zq)r

o r r2 r
= Econtinuous charge distribution = k f i_giﬁ
° The%harge densities:
. linear charge density, A = g = j—z in %
5 surface charge density, 0 = Vs g—%’ in EC?
volumetric charge density, p = % = 3—3 in m_C3

O
e The symbol for electric flux of Gauss’ law never appears on the equation sheet and it does not
clarify that the charge is the charge enclosed in the Gaussian surface:

®E=9§E.dzzm
€0

@)
e If the net charge inside a closed Gaussian surface is zero, then the net electric flux through the

@Eziﬁ.dzzwzﬂzg

Gaussian surface is zero. €o €o
e Equation for electric flux for a flat surface in a uniform electric field is not on the equation sheet:

- =
O =E-A=EAcos6
e The electric potential difference across a uniform electric field. Remember d is the straight-line
distance parallel to the electric field.

b b
AV:—fE-d?‘Z—f Ecos(@")dr:—Ef dr = AVinitorm e = —Ed
a a

e They only have 2 out of the 3 energy stored in a capacitor equations:
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1 1 .
Uc = 50AV = N

2 2C
O
e Only 1 of the equations for electric power is on the equation sheet:
AV?
P=IAV=IR=—

e When we add a resistor in series, the equivalent resistance increases.
e When we add a resistor in parallel, the equivalent resistance decreases.

1 1
Req series — ERn & R = E R_ _R/VVV\/_
o n eq parallel n Nn + -
e When we add a capacitor in series, the equivalent capacitance decreases. I
e When we add a capacitor in parallel, the equivalent capacitance increases. L_— /V\
1 1 1= loop
C =2 c & Coq paratiel = )5 Cr ‘\4/
o eq series n n n +
o We can see the relationships from the equations provided on the —‘ I_—v—‘"—
equation sheet, however, it comes up often enough that it is good to €

memorize and, if you need to confirm what you memorized, just look
at the equation sheet.

e None of the equations for RC or LR circuits are on the equation eC
sheet, however, | do not suggest you memorize them. Instead, |
suggest you know how to find their limits, know their general
shapes, memorize the time constants, and memorize that one
time constant represents the time for a 63.2% change.

S
(o))
w
N
m

a

Charge (C)

Av.oopzozs-Avc-AvR:e:g+rR

=== %
& Ip=0—0Qr=€C E
RTER
y=(1—e‘X)=>q(t)=£C(1—e_R_tC)
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Tre = RC — NN/
- -X -1 R
L Yy=1l-e"=51-¢e1=0.632 L
=  One time constant represents the time for a 63.2% —l /Y\
change. ET Loop %
I

e We can do the same thing for an LR circuit: u

dI
AVlOOpZQZE_AVR_AVL:>E:IR+Ld_t
dI € dI € L
o =>-l-llzg_}(—)initialzZ . (E)finalze_)l-fzﬁ . TLR:E
L e, e )
) y=(1 eX):I(t)_R(l e L)&y_eX:dt(t)_Le L

e For Ampere’s law, the equation sheet does not identify it is the current inside the Amperian loop:
$ B-d8 = oI,
O

e Motional emf. But of course, you need to know how to derive this motional emf equation and
remember this assumes the velocity and magnetic field are at right angles relative to one another.

o €=VBL
= In this motional emf equation, “L” stands for the length of the conductor.
e The inductance of an ideal solenoid (and how to derive it). Mostly so you remember what
inductance does and does not depend on:
}J.@NZA
Lsolenoid = 7

O
o The inductance of an ideal solenoid is determined by:

= N, the number of turns: A, the cross-sectional area: f solenoid length.
= Y, the magnetic permeability of the space inside the solenoid. For an ideal solenoid
with nothing inside it, that equals the magnetic permeability of free space.
= d, the magnetic permeability of the core material, replaces po when the solenoid
has a core material such as iron.
e Inductance does not depend on current through the solenoid!
o Resistance does not depend on current.
o Capacitance does not depend on charge on the plates or AV
across the plates.
e The angular frequency of LC circuits, and therefore, all the simple harmonic motion equations for
LC circuits.
o Energy oscillates back and forth between electric potential energy stored in the electric field of
the capacitor and magnetic potential energy stored in the magnetic field of the inductor.

1 21
W c= —— =2nf = —=>TLC=2T[VLC
VLC T

o

g (t) = Qmax cos (Wt + ¢) = 1 (t) = j—z = —Tmax Sin (Wt + §)

* (The above Simple Harmonic Motion equations did not make the video. It's
probably not worth memorizing them.)
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