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Simple Pendulum - Simple Harmonic Motion Derivation using Calculus
http://www.flippingphysics.com/SHM-derivation-pendulum.html

As we have discussed before!, we know, for a simple pendulum:
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Today we are going to derive that equation. The restoring force
for a pendulum is the component of the force of gravity

tangential to the direction of motion of the pendulum: 0 '
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Simple Pendulum: (an idealized, simple version of a pendulum)

« String has negligible mass and is inextensible 0 \ (angle shown is roughly 7 )
* Pendulum bob is a point mass S |
* Frictionless K F
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We can sum the forces in the tangential direction: gl
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We know the arc length travelled by the pendulum equals <
radius times angular position and the radius in this case is th
length of the pendulum, L.
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According to the small angle approximation: Sin€ =~ 8 with 6 in radians
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For example: 180

Typically, an angle of 10° - 15° is considered small enough for the small angle approximation. We have
previously illustrated this.? The small angle approximation means:
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And, because the condition for simple harmonic motion is:
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Now that we have the angular frequency for a simple pendulum, and we can derive the period of a simple
pendulum!

2 2 2 L
e —n=>T:—n=—n=>T:2n\/;

W= —=
At T W \/§
L

' “Demonstrating What Changes the Period of Simple Harmonic Motion” https://www.flippingphysics.com/shm-period.html
2 “When is a Pendulum in Simple Harmonic Motion?” https://www.flippingphysics.com/shm-pendulum.html
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We also have the equations which describe the angular position, angular velocity, and angular

acceleration of a simple pendulum. These are almost identical to the equations we derived for a mass-
spring system.?
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[ Condition for SHM is a2 - = -w?x & W is angular frequency

A, -—-n-&)

Mass-Spring System' Simple Pendulum with 0,,,,, < 15

_\/7 & T 21_[\/7 \/7 & T =2 \/7 angular frequency
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X(t)=Acos (Wt +0) = Xpax = A = Bmax COS (Wt +/0) =/0max = Omax
(use rad/ans)

X A 4
v(t) = at = -Awsin (Wt + §) = Vyax = AW = w(t)= = =B maxW Sin (W + ) = Wmax = Omax®W

dv dw
a(t)= i ~Aw? cos (Wt + 0) = amax = Aw? =[a(t) = i —Bmaxw? cOs (WE + ) = Oax = BmaxW?

angular velocity

3 “Simple Harmonic Motion Derivations using Calculus (Mass-Spring System)” http://www.flippingphysics.com/SHM-derivation-mass-spring.html
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